cnrree XV 1

LINEAR ALGEBRA

§1. The Scope of Linear Algebra and Its Apparatus

Linear functions and matrices. Among the functions of a single
variable, by far the simplest is the so-called /inear function I(x) = ax + b.
Its graph is, of course, the simplest of curves, namely the straight line.

All the same, the linear function is one of the most important. This is
due to the fact that every ‘“‘smooth” curve on a small segment is like a
straight line, and the less curved the segment is, the nearer it comes to a
straight line. In the language of the theory of the functions, this means
that every ‘‘smooth” (continuously differentiable) function is, for a
small change of the independent variable, close to a linear function. The
linear function can be characterized by the fact that its increment is
proportional to the increment of the independent variable. Indeed:
Al(x) = l(xo + Ax) — l(xo) = alxo + 4x) + b — (axg + b) = a dx. Con-
versely, if dl(x) = a 4x, then I(x) — lxo) = a(x — x,) and /(x) =
ax + I(x,) — ax, = ax + b, where b = lx,) — ax,. But from the
differential calculus, we know that in the increment of an arbitrary
differentiable function we can single out in a natural way the principal
part, the so-called differential of the function, which is proportional to
the increment of the independent variable, and that the increment of the
function differs from its differential by an infinitesimal of higher order
than the increment of the independent variable. Thus, a differentiable
function is, for an infinitely small change of the independent variable,
really close to a linear function to within an infinitesimal of higher
order.

The situation is similar with functions of several variables.

A linear function of several variables is a function of the form
ayx; + GpXy +  + @uXn + b. 1f b = 0, the linear function is said to be
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38 XVI. LINEAR ALGEBRA

homogeneous. A linear function of several variables is characterized by

the following two properties:

1. The increment of a linear function, computed under the assumption
that only one of the independent variables receives some increment while
the values of the remaining variables are unchanged, is proportional to
the increment of this independent variable.

2. The increment of a linear function, computed under the assumption
that all the independent variables obtain increments, is equal to the alge-
braic sum of the increments obtained by changing each variable separately.

The linear function of several variables plays the same role among all
the functions of these variables as the linear function of one variable
among all the functions of one variable. For every “smooth”™ function
(i.e., a function having continuous partial derivatives with respect lo all
variables) is close to some linear function for small changes of the inde-
pendent variables. In fact, the increment of such a function w = f{x,,
Xy, = Xn) is equal, to within infinitesimals of higher order, to the total
differential (8f)éx,) dx, + -+ + (&f]ox,) dx, , which is a linear homo-
geneous function of the increments dx,, -, dx, of the independent
variables. Hence it follows that the function w itself, which is equal to the
sum of its initial value and its increment, can be expressed in terms of its
independent variables for small changes of these in the form of a linear
inhomogeneous function to within infinitesimals of higher orders.

Problems whose solution requires the investigation of functions of
several variables arise in connection with the study of the dependence of
one quantity on several factors. A problem is called linear if the dependence
under consideration turns out to be linear. By the properties of linear
functions that we have indicated earlier, a linear problem can be charac-
terized by the following properties.

|. The property of proportionality. The result of the action of each
separate factor is proportional to its value.

2. The property of independence. The total result of an action is equal
to the sum of the results of the actions of the separate factors.

The fact that every “'smooth" function can be replaced in a first approxi-
mation by a linear one, for small changes of the variables, is a reflection
of a general principle, namely that every problem on the change of some
quantity under the action of several factors can be regarded in a first
approximation, for small actions, as a linear problem, i.c., as having the
properties of independence and proportionality. It often turns out that
this attitude gives an adequate result for practical purposes (the classical
theory of elasticity, the theory of small oscillations, etc.)

The physical quantities to be studied are often characterized by certain
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umbers (a force by the three projections on the coordinate axes, the
tension at a given point of an elastic body by the six components of the
so-called stress tensor, ctc.). Hence there arises the necessity of considering
simultaneously several functions of several variables, and, in a first
approximation, of several linear functions.

A linear function of one variable is so simple in its properties that it
does not require any special study. Things are different with linear functions
of several variables, where the presence of many variables introduces
some special features. The situation is still more complicated when we go
from a single function of several variables x, , x,, -, x, 10 a set of several
functions ¥, , ¥z, . V= Of the same variables. As a “first approximation™
there appears here a set of linear functions:

=apx; + o+ apx, by,
Yi = AnX; + T GyaX, + by,

A set of linear functions is already a rather complicated mathematical
object, and the study of its full of interesting and nontrivial resuits.
The study of linear functions and their systems also constitutes the
initial object of that branch of algebra that is called linear algebra.
Historically, the first task of linear algebra is that of solving a system
of linear equations:
anXx, + 4+ ayx, = b,
pXy + 0+ Gy X, = by,

The simplest case of this problem is treated in a school course on
eloanury algebra. The problem of finding methods for the simplest
possible and least laborious numerical solution of systems for large n still
attracts the close attention of many researchers, because the numerical
solution of such systems enters as an important constituent part into many
calculations and investigations.

Linear homogeneous functions are also known as linear forms. A given
system of linear forms

..................................

is completely described by its system of coefficients, since the properties

o .



40 XVI. LINEAR AlGEy,
of such a system of forms depend only on the numerical values oy
coefficients and the names of the variables are inessential.

For example, the system of forms

vy + xg — Xy, I+ — 1,
2x; + xg+ 3x;, and 21, + 1, + 34y,
X — Xg — X3 Hh—1h— 1y

obviously have identical properties and need not be regarded as essessy;,
distinct.

The set of coefficients of a system of linear forms can be gives s,
natural way in the form of a rectangular array

Such arrays bear the name of matrices. The numbers a,; are called &
elements of the matrix. The need of considering matrices arises necessr
from the very scope of linear algebra.

Important special cases of matrices are the matrices that consist o1
single column, which are simply called columns, those that consist o
single row, called rows, and finally the square matrices, i.c., those inwho
the number of rows is equal to the number of columns. The numberd
rows (or columns) of a square matrix is called it§ order. The “matm’
(a) consisting of a single number is identified with that number.

In connection with the simplest operations on a set of linear forms, &
natural to define operations on matrices.

Suppose that two systems of linear forms are given,

Ym = GmXy + ** + GpupXn,

and
2y = byux; + - + byux,,

....................................

Zpy = bmlxl + 4 bmuxu .
Let us add these forms,
nt+n =@y +by)x, + o + (@, + by Xn>

...................................................................

|. THE SCOPE AND APPARATUS .l

§
[t is natural to say that the matrix of the system of forms so obtained
ay + by o ay, + by, ]
@py T bpt T i+ Denn

is the sum of the matrices

by the number ¢ is defined as the matrix of the coefficients in the system

of forms ¢y, , cyg. . C¥m, where y,, ya, ",y are the forms whose

coefficients constitute the matrix

Lo

From this definition it is clear that

ay " ay, Cay " Cdyn
el oo = e .
Amy " Amn Capmy " Cpyn,

Finally, the operation of multiplication of a matrix by a matrix is defined
as follows. Suppose that

.................................. ()]
2k = A+ 0 4 Gyl
and

no= b"xl + - + blllxls

Ym = bpyXy + o 4 b,

w e
hen we substitute in (1) the expressions of y, , yy -y, in terms of
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Yy, Xy, Xy, we find that 2, 2, 2, can also be expressed s ..
of X, , Xy, ", X, by linear forms ‘

Zt = Ckl.\’l + B o (‘t,,.t’,, .

The matrix of coefficients

and is denoted by

[an amJ by bu]
Ay " A bml bmn

It is easy to calculate how the elements of the product of two mi7*
are expressed in terms of the elements of its factors. The element '
the coefficient of x, in the expression for z, in terms of x;, Xy, ™ %

But z, = a,y, + = + Gimym and

n o= +byx; +
Ym =t bgXy
Therefore,
zp =+ (agby + o + Qb X5+
hence

Cy = a[]b“ + -+ a".b"" .

;
Thus, the element in the ith row and the jth column of the P“"j#
two matrices is equal to the sum of the products of the elements o

ith row of the first factor by the corresponding elements of the
of the second factor, For example: poncing

3]

213

(311)(12 =(2‘3+"‘+3'“"+"2+3'4)=(u’
24/ B34l 4r2+td

g1, THE SCOPE AND APPARATUS a

Although & matrix is, 50 10 sp;nk. a “composite‘_‘ object and many
clements enter Into its formation, it is useful n_nd convenient to denote :t'b_y a
single letter and to preserve the usual not.anon for operations gr addition
and multiplication. We shall use the capital letters of‘thc Latm aiphgbet
(0 denote matrices. The application of such a concise notation brings
simplicity and lucidity into the theory of matrices by embracing m.short
formulas, that remind us of the formulas of ordinary algebra, compllcate_d
relations connecting a set of numbers, namely the elements of the matrix
that occur in these formulas. Thus, for example, the set of linear forms

AuXy + + AmnXn

ere A is the coefficient matrix and

appears in matrix notation as AX, wh
s x, . The system of

X the “column” formed by the variables x,, Xy, """
linear equations

1s written as
AX = B,

where 4 is the coefficient matrix, X the column of the unknowns, and B
the column of the absolute terms.

The fundamental operations on matrices, namely addition and multi-
plication, are, of course, not always defined. The operation of addition
makes sense for matrices of equal structure, i.c., having the same numb.er
of rows and of columns, As the result of addition, we obtain @ matrix
of the same structure. The operation of multiplication makes sense if the
number of columns of the first matrix is equal to the number of rows of
the second. As the result we obtain a matrix in which the number of rows
is equal to the number of rows of the first factor and the number of
columns is equal to the number of columns of the second factor.

The operations on square matrices are subject to most of the laws for
operations on number, but some of the laws turn out to be violated.

Let us enumerate the fundamental properties for operations on matrices:

lLA+B=B+ 4 (commutative law for addition).
2(A4+B)+ C=A+(B+C) (associative law for addition).

oA+ B)=cA+cB ) (distributive laws for multiplication
by a number. Here ¢, &1, G are

Yoot d=cad+ c,As numbers and not matrices).
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(associative law for multipicy,
by a number). ’

4. (cyc5) A = cy(caA)

5. There exists a “null” matrix

such that 4 + O = A for every matrix A.

6. c -0 =0-A4 = O; conversely, if cA = O, then ¢ = 0 or 4=
(here ¢ is a number).

7. For every matrix A there exists an opposite matrix —A4, 1.¢, 50
that A + (—A) = 0.

8. (4 + B)-C = AC + BC| (distributive laws for additoa &

8.C(A4+B)=CA+ CB | multiplication of matrices).

9. (AB) C = A(BC) (associative law for multiplicatos

10. (cA) B = A(cB) = c(AB).

These properties hold not only for square matrices but also for arbitrn
rectangular matrices with the sole proviso that the operations that o=
in each of the numbered formulas must be defined. For square matn=
of equal order this proviso is automatically fulfilled.

All these properties of the operations are similar to the propertis d
operations on numbers.

We shall now point out two peculiarities of the operations on matne&
First, the commutative law for the multiplication of matrices, even squs®
ones, need not hold; i.e., AB is not always equal to BA. For exampk:

3—2) 1 2)_ —32)_
(—I 4 (3 2 _(Ilﬁ '

12y 3 -2, (I 6)

32 (—1 4) = (7 2]

Second, the product of two numbers is, of course, equal to zero if 3%
only if one of the factors is equal to zero. This theorem is well known ¥
be fundamental in the theory of algebraic equations. But under multiple
tion of matrices it turns out to be false. For the product of two matr®

may be equal to the null matrix, although neither factor is equal 0 ¥
null matrix. For example:

() )= (o)
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{ us mention yet another property of the multilplication of matrices.
1 is called the rranspose of A if in every row of A there stand
corresponding column of A in the same order. For

12
A= |34
56

135
‘lz[zus'

l“ .
The matnx
the elements of the .
example, for the matnx

the transpose is the matrix

The operation of multiplication is connected with that of transposition
by the formula
AB=BA,
which is casily verified on the basis of the multiplication rule for matrices.

The theory of matrices forms an indispensable part of linear algebra
in that it plays the role of an apparatus for stating and solving its problems.

Geometric analogies in linear algebra. Apart from the earlier de-
scribed source for the emergence of the ideas and problems of linear
algebra, there are also the needs of mathematical analysis and geometry,
in particular analytic geometry, that lead to the development of linear
algebra and, in turn, enrich it by important ideas and analogies. It is well
known that the analytic geometry of the plane, and, in an even greater
measure, of the space, as far as the theory of straight lines and planes is
concerned, makes use of the apparatus of linear algebra in its simplest
form. For a straight line in the plane is given by a linear equation in two
variables that links the two coordinates of an arbitrary point of the line.
A plane in space is given by a linear equation in three variables (the
coordinates of an arbitrary point of this plane), a line in space by two
linear equations.

A special simplicity and clarity is, of course, brought into analytical
geometry and consequently into the theory of the simplest systems of
linear equations by the use of a concept of a vector. Now a similar
simplicity and clarity is brought into linear algebra, in particular into the
general theory of systems of linear equations, by the use of the concept of
a vector in a generalized sense. The way to this generalization is the
I‘ollqwing. A vector (in space) is given by three numbers, namely its three
Projections on the coordinate axes. Every triplet of real numbers in turn
can be represented geometrically in the form of a vector (in space).

P —
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For vectors the operations of addition (“by the parallelogram e
and multiplication by a number are defined. These operations are
in accordance with similar operations on forces, velocities, accelera;
and other physical quantities that can be represented by means of very,
If vectors are given by their coordinates (i.c., their projections on g,
coordinate axes), then the operations of addition and multiplimionb,i

number performed on vectors correspond to the analogous OPperatioy
on the rows (or columns) of their coordinates.

Thus, it is convenient to interpret a row or column of three elemen,
geometrically as a vector in three-dimensional space, and then the b
operations on “‘rows” (or “*columns”) are interpreted by the corTesponds
operations on vectors in space, so that the algebra of rows (or colum
of three elements formally does not differ at all from the algebra of i
vectors of three-dimensional space. This circumstance makes it natm
to introduce a geometric terminology into linear algebra.

A column (or row) of n numbers

X1
X3

Xn

is regarded as a “‘vector”, i.e., as an element of some “‘n-dimension
vector space.” The sum of the vectors

X3 p4Y
X3 Ya
: and :

Xy Yn

is taken to be the vector

the product of the vector
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by the number ¢ is taken to be the vector

The set of all vectors (columns) forms, by definition, the n-dimensional
arithmetical vector space.

Together with the n-dimensional arithmetical vector space we can
introduce the concept of an n-dimensional point space, by associating
with each column of n real numbers a geometrical image, namely a point.
Then the n-dimensional vector space is defined in the following way.

—_—

With every pair of points A and B we associate the vector 4B leading
from A to B by taking as its coordinates (its projections on the coordinate
axes), by definition, the difference of the corresponding coordinates of the
points B and A. Two vectors are taken to be equal if their corresponding
coordinates are equal, just as in three-dimensional space we regard vectors
as equal if one of them is obtained from the other by a parallel shift.

Between the vectors of an n-dimensional vector space and the points
of an n-dimensional point space, there exists a natural one-to-one cor-
respondence.

The point

0
is taken as the “origin of coordinates,” and to every point there corresponds
the vector that joins the origin to that point. Then we associate with every
vectlor Ithe point that is the end point of this vector, assuming that its
beginning coincides with the origin. The introduction of the point space
:‘;eates new analogies that enable us to ‘“see™ better in n-dimensional
ace.

_Howevcr. in the further generalizations (§2) a rigorous definition of a
point space becomes rather more complicated, and we shall, therefore,
not make use of this concept. The reader who wishes 1o use the analogies
arising from the investigation of a point space should visualize the elements
of a vector Space as vectors emanating from the origin of coordinates.

P
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The introduction of a geometric terminology enables us (o
ulgebra analogies based on the geometric intuition which orig
study of the geometry of three-dimensional space.

Of course, these analogies must be used with a certain care, bearing i
mind that every intuitive-geometric argument can be checked in 4 SIri%llln
logical way applying only precise definitions of *‘geometric™ conceps 5
rigorous proofs of theorems. nd

A characteristic feature of the elements of an n-dimensiong| vector
space is the existence of the operations of addition and multiplication by
a number, with properties reminiscent of the operations on numbers,
Namely, as we have already mentioned in the account of the properties of
operations on matrices, for the operation of addition the commutatiye
and associative laws are satisfied, the distributive laws (for multiplication
by a number) hold, the operation of addition has a unique inverse, and
the product of a vector by a number gives the null vector if and only if
either the vector is the null vector or the number is zero.

However, not only these columns (and rows) possess the features referred
to. Such features also belong to the set of matrices of equal structure and
to physical vector quantities: forces, velocities, accelerations, etc. They
also belong to some mathematical objects of an altogether different nature,
for example: the set of all polynomials in one variable, the set of all
continuous functions on a given interval [a, b], the set of all solutions of a
linear homogeneous differential equation, etc.

This circumstance motivates a further generalization of a vector space,
namely the introduction of general linear spaces. The elements of such
generalized spaces may be arbitrary mathematical or physical objects for
which the operations of addition and multiplication by a number art
defined in a natural fashion. Such a very general and abstract approach
to the concept of a linear space does not bring any complications inFO the
theory, as we have seen earlier: Every linear space (of course, n-dimen-
sional; the meaning of this will be clarified in the next section) does n°!
differ in its structure and its properties from the arithmetical linenr.sp‘,“'
but the field of applicability is considerably extended by this F"’“humn
and it becomes possible to apply the methods of linear algebra to 3 ¥
wide range of problems of theoretical science.

use in linegy
Nates in the

§2. Linear Spaces

Definition of a linear space. We now proceed to a rigorous definition
of a linear space.

A linear space is a collection of objects of an arbitrary nature for whic

2 LINEAR SPACES %
.} f

cepts of a sum and of a product by a number make sense and which
lh:i:roynlhe following postulates:
s

y)+ Z=X+(Y+2)
xists @ “‘null” element 0 such that X + 0 = X for every X,
X there exists an opposite —X such that

|, (X+

2, There ©

3. For every clement

(- X) = 0.

5, | X = X.

6. cy(caX) = o0k

7. (e + Cl)x = C|X+ c.X.
Here X, ¥, Z are clements of the linear space; 1, ¢, , ¢3, ¢ are numbers.

These postulates (which are also called the axioms of a linear space)
are very natural and constitute a formal account of those properties of
the operations of addition and multiplication by a number that are neces-
sarily linked with the concept of these operations in whatever generalized
sense they are to be understood. Operations having one physical meaning
or another are, in fact, treated as addition and multiplication by a number
in all cases when these operations satisfy the postulates 1-8.

We mention some consequences of these axioms:

a. The null element 0 of the space is unique, i.e., there exists only one
element satisfying axiom 2.

b. The opposite element of a given element X is unique.

¢. “Subtraction” has a meaning; i.e., when a sum and one of the
Summands is given, the other summand is always defined, in fact, uniquely:
X+ 2Z=¥,then Z= ¥+ (—X).

dO0-X=¢c.0=0.

¢ If cX = 0, then either ¢ = 0, or X = 0.

-X=(-nx
ln]:‘:arfrotl)f of these consequences are very simple and will be omitted.

ollows the elements of a linear space will be called vectors.

im and independence of vectors. We now proceed to
he!:,omm concept of linear dependence and independence of vectors.
of the SO €1Xy + €4X, + -+ + X, with arbitrary numerical values
T Melents €1,Cy, ", Cp is called a linear combination of the

the

Vecy .
leag; On:"t;‘x'f "' X . If among the vectors X; , X, - Xm there is ::
Yectorg 8 is a linear combination of the remaining ones, then t

1> &2, X,, are called linearly dependent. But if none of the

—
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veclors X;, X;, -, X, is a linear combination of the remaining one
then the vectors X, , X, , -, X,, are called linearly independent.

It is easy to see that for linear independence of the vectors X, , X, -
X.. it is necessary and sufficient that the relation Xy + ok, -
+ CmXm = 0should hold for ¢, = ¢, = - = ¢,, = 0 only.

For vectors of the ordinary three-dimensional space the concepts &
linear dependence and independence have a simple geometrical meaning

Suppose two vectors X, and X, are given. Their linear dependence meass
that one of the vectors is a “linear combination” of the other, i.e., that they
differ simply by a numerical factor. This means that both vectors belong
o a2 common straight line, i.e., that they have equal or opposite direction.

Conversely, if two vectors are contained in one straight line, then they
are linearly dependent. Consequently linear independence of two vecton
X, and X, means that these vectors cannot be placed on one straight
line; their directions are essentially distinct.

Let us now investigate what linear dependence and independence of
three vectors means. Suppose that the vectors X, , X; and X; are linearly
dependent and, for the sake of definiteness, that the vector Xj is a linear
combination of the vectors X, and X, . Then X, obviously lies in a plant
containing the vectors X, and X,; i.c., all three vectors X, , X, , X; belont
to one plane. It is easy to see that if the vectors X, , X, , X, lie in oneplln_e-
then they are linearly dependent. For if the vectors X, and X, do not li
on one line, then X, can be decomposed with respect to X; and Xy | i€,
represented as a linear combination of X, and X, . But if X, and X; lie
on one line, then already X, and X, are linearly dependent.

Thus, linear dependence of three vectors X, , X, , X, is equivalent to the
fact that they lie in one plane. Therefore X, , X;, X, are linearly indepef
dent if and only if they do not belong to one plane.

Four vectors in three-dimensional space are always linearly dependen:
For if the vectors X, , X,, X, are linearly dependent, then the vectors
X, . Xy, X3, X, are also linearly dependent for any X, . But if X, , X3, X
are linearly independent, then they do not lie in one plane and every vecto’
X, can be decomposed with respect to X, , X, , X, , i.e., represented as &
linear combination of them.

The preceding arguments can be generalized in the following way-

In three-dimensional space the vectors X, X, X (k=3 8¢
linearly dependent if and only if they belong to a space (straight line
plane) of a dimension less than k.

di:cr:?:; 7;‘::“‘"-; we shall see after a rigorous definition of subspace ::::
X X o Xt‘a 50 in the general case linear dependence of the V“hos‘
d!ln“\c n'silo o lk is equwalc'm to the fact that they belong to a space w .
s less than k: i.e.,, the “geometrical” meaning of linear depe

L
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. remains the same as for vectors in three-dimensional space.
deTﬂ_Cm following theorem plays a fundamental role in the theory of linear
ectors Xy, Xy, ", Xn are linear combinations of the

. If the v
szC::s ¥, Yy, Y: and m >k, then X, X,, - X, are linearly
;epcndenl (theorem on the linear dependence of linear combinations).

For k = | the theorem is obvious. For k > | it is easily proved by the
method of mathematical induction with respect to .

Basis and dimension of a space. In three-dimensional space any three
vectors X, X3, X, that do not lie in one plane (i.c., that are linearly
independent) form a basis of the space, which means that every vector of
the space can be decomposed with respect to X, , X; , X, , i.e., represented
as a linear combination of them.

General linear vector spaces can be divided into two types.

It can happen that a space contains an arbitrarily large number of
linearly independent vectors. Such spaces are called infinite-dimensional
and their study leads to a branch of linear algebra that is the topic of a
special mathematical discipline, functional analysis (see Chapter XIX).

A linear space is called finite-dimensional if there exists a finite bound
for the number of linearly independent vectors, i.e., a number a such that
there exist in the space n linearly independent vectors, but that any vectors
more than n in number are linearly dependent. The number n is called the
dimension of the space.

Thus, the space of vectors of the ordinary geometrical three-dimensional
;PWC is three-dimensional also in the sense of the general definition we
mil\:ygtlrviﬂl‘e.[ For in the three-dimensional geometric space, there exist
linearly c'l)e $ of linearly independent vectors, but any four vectors are

pendent.
dcﬁ:i‘“:'l:“; of n-term columns is n-dimensional in the sense of our
+ or there are n linearly independent vectors in the space, for

¢xample
! 0 0
e, = 0 1 0
1= y €y == , , € = . (2)
0 1
but every vector 0
X1
Xg
Xn
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of the space is a linear combination of them, namely: x,e, + x,&; + -

f Xye, . Therefore by the theorem of linear dependence of linear combina.
tions any vectors more than » in number are linearly dependent.

Po!xnomials in one variable form a linear space. For there is a natural
definition of the operations of addition and of multiplication by a number
!‘onj polynomials, and they satisfy the axioms 1-8. However, this space
is infinite-dimensional, since the vectors I, x, ---, x" are linearly indepen-
dent for any N. But the set of polynomials whose degree does not exceed a
given number N form a finite-dimensional space whose dimension is ¥N + 1.
For the vectors 1, x, -, x" are linearly independent and their number is
N + 1. Now every polynomial whose degree does not exceed N is a linear
combination of 1, x, -+, x 50 that by the theorem on linear independence
any polynomials of degree < N, if they are more than N + | in number,
are linearly dependent.

We now introduce the important concept of a basis for an n-dimensional
space. A basis is defined as a set of linearly independent vectors of the
space such that every vector of the space is a linear combination of vectors
of this set. Thus, in the space of columns a basis is, for example, the set
of vectors (2). In the space of polynomials of degree < N the *‘vectors”
1, x, -, x can be taken as a basis. In the three-dimensional geometrical
space any triplet of linearly independent vectors plays the role of a basis.

In an n-dimensional linear space, every set of n linearly independent
vectors (and the existence of at least one such set is part of the definition
of an n-dimensional space) form a basis of the space. Forlete, , e, "\ €
be linearly independent vectors of an n-dimensional linear space and X
an arbitrary vector of the space. Then the vectors X, e, , -, €, are linearly
dependent (since their number is more than #), i.e., there are numbers
€, €y, Cq, " Coynotall equal to zero, such that cX + c,e; + =~ + cqe, = 0.
Here ¢ == 0, because if we had ¢ = 0, then the vectors e, e,, =, ¢
would be linearly dependent. Therefore X = — (cr/c) &y — - — (en]c) en:
i.c., every vector of the space is a linear combination of the vectors
€ . €, En-

Every basis of an n-dimensional linear space consists of exactly n vectors.
For the vectors of a basis are linearly independent and therefore their
number cannot be larger than n. On the other hand, let e, , &, -, & be
an arbitrary basis of an n-dimensional space. We have already established
that k < n. But every vector of the space, by definition of a basis, is &
linear combination of the vectors e,, e;, ", & and by the theorem on
linear dependence of linear combinations any vectors, more than k in
number, are lincarly dependent, from which it follows that the dimension
n of the space is not larger than the number k of vectors of a basis. Thus,

k = n, and this is what we had to prove.
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We now introduce coordinates of a vector with respect to a given basis
€ €, s En ASWE have shqwn ea_rher, every vector X is a linear combina-
tion of the vectors of the basis. This representation is unique. For suppose
(hat the vector X is expressed in terms of the basis e, , €y , -, &, intwo ways:

X = x&) + Xo8g + -+ Xoln,

X = xie, + Xseg + 4 Xnla .

Then (x, — X;) & + (X3 — Xs) & + = + (Xn — +)e, = 0, and from
this it follows by the linear independence of e, , &5, -, e, that x = x;, -,
Xo = Xp-

nThc ;oefﬁcients X+ Xg» ' Xy in the decomposition of an arbitrary
vector X in terms of the vectors of a basis are called the coordinates of X
in this basis. In this way every vector, once a basis of the space is chosen,
can in a natural manner be associated with the row (or column) of its
coordinates and vice versa: every row (or column) of n numbers can be
regarded as the set of coordinates of a certain vector.

The operations of addition of vectors and multiplication of a vector by
a number correspond to the similar operations on the rows (or columns)
of their coordinates.

Therefore every n-dimensional linear space, irrespective of the nature of
its elements (they may be functions, matrices, any physical quantities
whatsoever, etc.), does not differ at all from the space of rows (or columns)
with respect to these operations. Thus, as we have already mentioned, the
generalized axiomatic approach to the concept of a linear space does not
lead to any complications in comparison with the treatment of the space
as a space of rows, but it extends the domain of applicability of this concept
considerably.

An identity of properties of two sets of objects in relation to a given
system of operations (or arbitrary other relations between their clements)
is called in mathematics an isomorphism. An exact definition of isomor-
phism of algebraic systems will be given in Chapter XX. Using this term
we can say that all n-dimensional linear spaces, irrespective of the nature
qf their elements, are isomorphic to one another and isomorphic to a
single model, namely the space of rows.

Sﬂlpnm. A set of vectors of an n-dimensional linear space R,,
satisfying the condition that every linear combination of arbitrary vectors
of the set under consideration also belongs to it, is called a subspace of
the space. Obviously a subspace of the space R, is itself a linear space and
has, therefore, bases and a dimension. It is also obvious that the dimension
of the subspace does not exceed the dimension of the whole space and can
be equal to it if and only if the subspace coincides with the whole space.

" .
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Examples. of subspaces of the three-dimensional vector space are 1he
planes and lines we have studied, to within a translation, more accuratel,
the sets of all vectors that lie in a plane or on a line. '

Very frequently we have to investigate the subspaces “'spanned” bya
system of vectors. These subspaces are defined as follows. Suppose that 3
system of linearly independent or dependent vectors X, , X, , =, X of the
space R, is given. Then the set of all linear combinations of these vectors
{e1X; + Xy + ** + ¢uXn} forms a subspace of R, which is called the
subspace spanned by the vectors X, , X, -, X, .

The dimension of this subspace is called the rank of the system of
vectors X;, Xy, -, X,,. It is easy to see that the rank of a system of
vectors is equal to the maximal number of linearly independent vectors
contained in the system.

The *“set” consisting only of the null vector formally satisfies the con-
ditions imposed on a subspace. The dimension of this subspace is taken 1o
be zero.

If two subspaces of a space R, are given, then we can form from them

in a natural manner two other subspaces, their vector sum (or union)

and their intersection.
The vector sum of two subspaces P and Q is defined as the set of all

sums of vectors belonging to the subspaces P and Q. The vector sum can
also be regarded as the subspace spanned by the union of the bases of the
subspaces P and Q.

The intersection of two subspaces is defined as the set of all vectors
that belong to both subspaces. For example, the vector sum of two planes
(i.e., two-dimensional vector subspaces) in the ordinary three-dimensional
space is the whole space (provided only that the planes do not coincide)
and their intersection is a straight line (under the same proviso).

The dimensions p and ¢ of the two given subspaces, the dimension 1 of
their vector sum, and the dimension s of their intersection satisfy the

following interesting relation:
pta=t+s

We omit the proof of this statement.

From this relation we can make certain deductions concerning the
intersection of subspaces in special cases. For example, two noncoincident
planes (i.e., two-dimensional subspaces) in a space of four dimensions
intersect in general only in a point (the dimension of their intersection is
zero) and two planes intersect in a straight line only if their vector sum is
three-dimensional, i.c., if both planes belong to some three-dimensional
subspace. For in this case r + s = 2 + 2 = 4, from which it follows that
s = 1 only when 1 = 3.
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Complex linear spaces. In the dcscriptign of the space of rows and of
he general linear space, We have not specified what sort of numbers we
are dealing with in the definition of the operation of multiplication of a
vector by 2 number. Since we I:nave started out from a generalization of
the ordinary vectors, i.e., the dnrec'ted segments in the geometrical three-
dimmsional space, we have had in mind arbitrary real numbers. The
so-constructed linear spaces, which are called real linear spaces, generalize
in the most natural way the three-dimensional space of ordinary vectors.
However, in many problems of contemporary mathematics it turns out to
be useful to consider a complex linear space. By this we mean a collection
of objects for which the operations of addition and of multiplication by
an arbitrary complex number are defined so that these operations satisfy
all the axioms 1-8. As an example of a complex space, we can take the
space of rows whose elements are arbitrary complex numbers.

Formally the theory of complex spaces does not differ essentially from
the theory of real spaces.

However, even a two-dimensional complex space does not have an
intuitive geometric interpretation. The fact is that an n-dimensional
complex space can also be regarded as a real one, in view of the fact that
since the operation of multiplication by an arbitrary complex number is
defined for it, the operation of multiplication by a real number is defined
just as well. But the dimension of a complex n-dimensional space regarded
as a real one is equal to 2n, i.e., twice as much. For if e, , &, e, is a
basis of the complex space, then we can take as a basis of the same space,
regarded as a real one, for example the vectors

e ,ie, ey, iey, e, ie,, where i=V—l.

Therefore a two-dimensional complex space can be interpreted as a
real one, but four-dimensional.

Furthermore, the theory of linear spaces does not undergo any changes
formally if as the collection of numbers by which the “vectors™ of the
space may be multiplied we take an arbitrary set of numbers, other than
that of all real or all complex numbers, provided only that the results of
the ba}ﬁc arithmetical operations (addition, subtraction, multiplication,
and division) performed on numbers of the set again belong to the set.
A set of numbers satisfying these postulates is called a number field.
(This concept will be studied in more detail in Chapter XX.) As an
example of a number field, we can take the field of rational numbers.

In some parts of algebra that are close to the theory of numbers,

the theory of linear spaces over an arbitrary field is successfully
applied.

.
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The n-dimensional Euclidean space. Some important concepts of the
ordinary vector space have not yet been generalized in the preceding
account, in particular, the concept of the length of a vector and the angle
between vectors. It is well known that in analytic geometry problems
relating to the intersection of lines and planes, parallelism, and many
others make no use of these concepts. The properties of a space whose
description does not require the concepts of the length of a vector and of
angle can be characterized as the properties that remain unchanged
under arbitrary affine transformations [see Chapter III, §11]. For this
reason linear spaces in which the concept of the length of a vector is not
defined are called affine spaces.

However, many problems of mathematics require generalizations of the
concepts of the length of a vector and of an angle to n-dimensional spaces.
These generalizations proceed by means of an analogy with the theory of
vectors in a plane or in space.

Let us consider, first of all, the real space of rows. The length of the
vector X = (x,, X, *, X,) is defined to be the number

X1 = VETAT TR,

This is quite natural, since forn =2 and n = 3 the length of a vector is
computed precisely by this formula in terms of its coordinates with respect
to Cartesian coordinate axes.

The concept of the angle between vectors is introduced in 2 natural way
by the following considerations. In a plane and in space the angle between
the vectors X and ¥ is the angle at the vertex A in the triangle with the
sides AB=1X,AC= Y| and BC= XY/

In an n-dimensional space it is natural to take this as the definition of
the angle between vectors, i.c., to proceed as if we could “draw” a pair of
vectors in an n-dimensional space and “place” them in a plane preserving
their lengths and the angle between them. However, such a definition
would lack rigor; the existence of a triangle ABC with the lengths of the
vectors X, ¥l and X — ¥ is needed in the proof.

Disregarding this inaccuracy, we introduce a formula for the computa”
tion of an angle. By a well-known formula of trigonometry we have

heace, BC* = AB* — AC* — 2AB- ACcos ¢;

cosé = X:’—Zﬁj!;‘jiyi:’—l’i’
R el R Ry ey e e
_Mh T+ X, 21X]-1 7]

XY
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n the term “scalar product,” as in three-dimensional space,
of the lengths of vectors by the cosine of the angle between
hat the scalar product of the vectors is computed by the

If we retai
for the product
them, we find t

formula
XY= X6 T Xalao

which for n = 2 and n = 3 coincides with the well-known formulas for
the scalar product of ordinary vectors.

Strictly speaking, the expression x,y, + *** + Xa¥n should be taken as
the definition of the scalar product (because there is a lack of rigor in the
definition of the scalar product by means of the angle) and then the angle
between vectors can be defined by the formula

=_XY 3
¢ = TX Y] .

This is what we shall do.

To justify this definition of an angle we have to show that the absolute
value of the right-hand side of formula (3) does not exceed 1, i.e., that
(X-¥YP<|X2 | Y

In expanded form this inequality becomes

. 2
(g + o 4+ xan)? < + o+ X O+ F )

Itis known as the Cauchy-Bunjakovskil inequality and can be proved
f1lre_cl1y. by a fairly tedious computation. We shall prove it by the following
indirect argument.

First of all we mention that the scalar multiplication of vectors has the
following properties:

l'.X'X=!Xi'>0f0rX¢0.
2. X'Y=Y-X
YAX) Y =oX v)

Y4 X) Y=X . yex,-y.

tth r:ali fhese Properties hold follows immediately from the expression of
ar product in terms of the coordinates.

w : .
¢ MO introduce the vector ¥ + tX, where  is an arbitrary real

number. We have Y < 1X [t > 0, because the square of the length of a

vect
o C;n:\ Ol be negative. But by the properties of the scalar product
bl 2 =¥+ ux-y + 2| X Moreover, it s known thatg
ooy Tinomial is nonnegative for all values of the real variable if

and o L
MY i s roots are imaginary or equal, ie., if ts discriminant i
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negative or zero. But the discriminant of the trinomial | ¥ |2

_ +2uX.y
+!‘Il"!' .u equal to '4(X-!’)'—4|X|'|Y|' so that (X.yp
— | X[|*|¥[* <0, and this is equivalent to the Cauchy-Bunjakovski

inequality.
From this inequality it follows that
| X Y|
Eilkink

and therefore the definition of an angle by the formula (3) is justified.
Furthermore, it is easy to deduce the inequalities

(X -1 YI<|IX+Y|<[|X|+]|Y]

which imply, in particular, the existence of a triangle with the sides | X,
| ¥| and | X — Y|, so that the nonrigorous definition of an angle given
previously, which was based on geometric intuition, now also becomes
valid.

Axiomatic definition of an n-dimensional Euclidean space. In the
preceding section we have introduced the concepts of the length of a
vector, of angle, and of the scalar product in the space of rows. In the
general axiomatic definition of an n-dimensional real linear space, these
concepts are also defined axiomatically, and the concept of a scalar product
comes first.

Scalar multiplication of vectors of a linear real space is the name for an
operation which associates with every pair of vectors X and Y a real
number, their so-called scalar product X - ¥, where this operation must
satisfy the following postulates (axioms):

1 X - X>0for X#0,0:-0=0.
2. X Y=Y X

3. (cX) Y =cX V)

4. (X,+X;)'Y=X1-Y+X,-Y.

Furthermore, by the length of a vector we mean the number VX - X,
by the cosine of the angle between the vectors X and Y the number
X-¥/|X|-| Y| To justify this latter inequality, it is necessary 10
establish the Cauchy-Bunjakovskil inequality (X - YR<|X|? YR But
this can be done exactly as we have done it in the preceding section. In our
proof we have made use only of the properties 1, 2', 3’ and 4’ of the scalar
product, the specific nature of the space of rows playing no role in the
proof. A real linear space in which a scalar multiplication satisfying the
axioms 1~ 4’ has been introduced is called a Euclidean space.
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us concrete linear spaces that are studied in mathematics,
are introduced by various methods whose choice is dictated
by the nature of the problem. For example, in the spaces whose elements
are the functions of one variable X(r) defined on a given intervala <1 < b,
the scalar product of two clements X(r) and ¥(r) is often taken to be the
number J" X(r) Y(r)dr or j':X(r) Y(r) p(1) dt, where p(t) is some positive
function. 1t is easy to see that all the axioms 1'-4’ are satisfied for either of
these definitions.

Jn vario
scalar products

Orthogonality; orthonormal bases. Two vectors of a Euclidean space
are called orthogonal (or perpendicular) if their scalar product is zero.
It is easy to see that pairwise orthogonal nonzero vectors are always
linearly independent. For suppose that Xy, X, X, are pairwise
orthogonal nonzero vectors and that Xy + Xy + o 1 k= 0.

By the property of the scalar product X, X, + Xy + -+ cmXn)
=¢ | X, * =0; hence ¢, = 0. In the same way we can show that
¢ = = Cn = 0. Therefore X; , =, X, are linearly independent.

From what we have proved, it follows that in an n-dimensional space
there cannot be more than n pairwise orthogonal nonzero vectors and that
every set of n pairwise orthogonal vectors forms a basis of the space. If,
moreover, the lengths of all the n pairwise orthogonal vectors are 1, then

the basis they form is called orthonormal.

It is not difficult to show, but we shall omit the proof, that a Euclidean
space has orthonormal bases, in fact infinitely many. Moreover, if in a
space R some subspacc P is chosen, then an orthonormal basis of the
subspace can be extended to an orthonormal basis of the whole space by
adjoining certain vectors.

It is often convenient to define vectors in a Euclidean space by their
coordinates in an arbitrary orthonormal basis, because in this case we
obtain a particularly simple expression for the scalar product. For if a
vector X has the coordinates (x,, x,, -, x,) in the orthonormal basis
€ .¢, " ¢, and the vector ¥ the coordinates (yy, ¥z, " V) b,

X =x6, + Xg€s + " +xpe, and Y = yi&; + Yoy T T Vufus
then by the property of the scalar product

XY = xye0, + Xy ppe080 + 7 T X1Vn€18n
+ Xp)1818) + Xy)plely + 7+ XaVa€an

+ XaYyeuy + XaYotuls T T XaFubaln
=Xt Xy + o Xabno

- _
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since e;e; = 0foriz kand e, = le;|* = | foreveryi = 1,2, n Ip
particular, X - X = x% + x% + - 4 x|

Thus, the length of a vector and the scalar product are expressed in
terms of the coordinates of an orthonormal basis by the same formulas
as in the space of rows.

The transition from one of the models of a Euclidean space, namely
the space of rows, to the general axiomatically defined Euclidean space
does not introduce any complications, but extends the domain of
applicability of the theory.

Now let us deal with the problem of orthogonal projection of vectors
on a subspace. Let R, be an n-dimensional Euclidean space and P, an
m-dimensional subspace of it. Further, let e, , e;, . €m . fi, " fu-m bE
an orthonormal basis of R, including an orthonormal basis of the subspace
P, . The subspace Q,_,, spanned by the vectors f; . f; ., fum is called
the orthogonal complement of the subspace P, . Its dimension is n — m.
The orthogonal complement Q, = can be characterized as the subspace
consisting of all vectors that are orthogonal to every vector of the subspace
P .

Every vector Z belonging to R, can be expressed uniquely as a sum of
vectors X and Y of which one belongs to P.., the other to Qp_m . This i
clear, because the vector Z can be expressed uniquely in the form

Z=x8 + "+ Xl + 01 fy + "+ Vn-mSr-em

sothat X = x,, + = + Xmm, ¥ = p1fy + - + Vo-mSu-m -
The vector X is called the orthogonal projection of Z onto P, .

Unitary spaces. The concepts of the length of a vector and the scalar
product of vectors can also be defined in a complex space. As before, the
concept of the scalar multiplication is put first, and this is defined as
follows. With every pair X and Y of vectors of a complex space we associate
a complex (not necessarily real) number, their so-called scalar product
X - Y. The operation of scalar multiplication must satisfy the following
axioms:

1”. X - X is real and positive for X £ 0,0-0 = 0.

2°. Y- X = (X - Y)'". Here the prime denotes transition to the conjugate
complex number.

3". (¢X) Y = (X - Y) for an arbitrary complex c.

4. (X, + Xy) - Y = X, - Y + X, - Y (distributive law).

In the space of rows with complex elements the scalar product of the

¢ SYSTEMS OF LINEAR EQUATIONS 8l

vectors (xy " Xa) and (yy," ¥s) can be taken to be the number
+ X Ve - lliscasyto verify that all the axioms 174" are satisfied

X,
this definition.
ro;_hel length of a vector is defined as the number VX - X. The concept

of angle between vectors is not defined. o
A complex linear space with a scalar product satisfying the axioms

1”-4" is called a unirary space.

§3. Systems of Linear Equations

Snmofmoquﬂo-wlthm-homuldﬁ-w
with three unknowns. A system of two linear equations with two
unknowns appears in the following general form

ayx + by = ¢,
@gx + bgy = €3

To solve this system we multiply the first equation by b, . the second
by —b, and add. We obtain

(@yby — asby) x = €10y — Caby .

Similarly, by multiplying the first equation by —a,, the second by a,,
and adding, we obtain

(a1by — aghy) y = aycq — @€y -

From these equations it is easy to determine x and y, if only the expres-
sion a,b, — agb, formed from the coefficients of the unknown x and y is
different from zero. This expression is called the determinant of the matrix

a, b:]
a, b
formed from the coefficients of the system. The determinant is denoted:

e

From the definition it follows that the determinant is computed by the

scheme '>< -

which requires no further explanation.

-
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Let us return to the solution of the system. The expressions c b, — cb,

and a,¢; — a,c, also appear as determinants in accordance with our defini-
tion, namely,

lc'b'| and a‘c‘l.
Caby aycy
Thus, if the determinant

a by l

a, by

is different from zero, then we obtain the following formulas for the so-
lution of the system:

|"1:1 alcll

¢ a, ¢

x= a:b:]: y=-la:b:|. (4)
ay by ay by

Strictly speaking, these arguments are not complete. The operations on
the equations that we have carried out to deduce the formulas for the
solution of the system make sense only under the assumption that x and ¥
arc in fact numbers that form a solution of the system. The logical sub-
stance of our argument is the following: If the determinant of the coef-
ficients of the system is not zero and the solution of the system exists, then
it can be computed by the formulas (4). Therefore it is still necessary 1o
verify that the values of the unknown that we have found do in fact
satisfy both equations of the system. This can be done without any
difficulty.

Thus, if the determinant of the matrix of the coefficients of the system
is different from zero, then the system has a unique solution given by the
formulas (4).

For a system of three equations with three unknowns

ax + by + ¢z =d,,
ayx + byy + €42 = dy,
ayx + byy + ¢z = dy,

it is easy to carry out similar arguments and computations; for this purpose
it is sufficient to add up the equations after multiplying them by factors
such that after addition two of the unknowns disappear. To make the
unknown y and z disappear, we have 1o take for these factors bye, — bycy ,
byey — bycs and byc, — byey, as is easy to verify by computation.
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We obtain the result that if the expression
4= ﬂlb'f, - ‘lb't‘ + aybyey — ah,cy + aybycy — agbye,

s different from zero, then the system has a unique solution obtained by
the formulas
ﬂ ) = d' = -é-.—

X = i y = _A— y 2 2
where 4, . 4, , 4, are the expressions obtained from 4 by replacing the
coefficients of the corresponding unknown by the absolute terms.

The expression 4 is called the determinant of the matrix

a, b, ¢,
[a, by c,]
aybycy

a, b, ¢,
as by cy
ay by cy

and is denoted by

For the computation of a determinant the following scheme is useful:
-0'5 E E ; E E -

In the first of these schemes, the lines (a diagonal and two triangles)
connect the positions of the elements whose product occurs in the composi-
tion of the determinant with a plus sign; and in the second scheme, they
connect the terms occuring in the determinant with a minus sign.

For systems of two equations with two unknowns and of three equations
with three unknowns, we have obtained entirely similar results. In both
cases the system has a unique solution, provided the determinant of the
matrix of the coefficients is different from zero. The formulas for the
solution are also similar: In the denominator of each of the unknowns
stands the §eteminant of the matrix of coefficients, and in the numerators

the determinants of the matrices that arise from the matrix of coeficients
by replacing the coefficients of the unknown to be computed by the
absolute terms.

An immediate generalization of these results to systems of n equations

in n ;mknowns for arbitrary n is somewhat difficult. It becomes compar-
atively easy by an indirect method: First we generalize the concept ofa

e
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determinant to square matrices of arbitrary order, and having studied the
properties of determinants we apply their theory to the investigation of
systems of equations.

Determinants of the ath order. When we consider the explicit expres-
sion for the determinants

l z: g; = mby — axb,
and
ay b, ¢,
Gy by Cy| = GybyCy — A1byCy + GabyCy — ayb\Cy + Gybycy — Aybecy
ay by cy

we notice that in every term there occurs as a factor exactly one element
from each row and one from each column of the determinant, and that all
possible products of this form occur in the determinant with a plus or a
minus sign. This property is at the bottom of the generalization of the
concept of the determinant 1o square matrices of arbitrary order. In fact.
the determinant of a square matrix of order n or, briefly, a dererminant of
the nth order is defined as the algebraic sum of all possible products of the
elements of the matrix, precisely one from each row and one from each
column; these products are given plus or minus signs by a certain
well-defined rule. This rule is somewhat complicated to explain, and we
shall not dwell on its formulation. It is sufficient to mention that it is
arranged in such a way that the following important basic properties of a
determinant are secured:

I. When two rows are interchanged, the determinant changes its sign.

For determinants of order 2 and 3, this property is easy to verify by
an immediate computation. In the general case it is proved on the basis
of the rule for the signs that we have not formulated here.

Determinants have quite a number of other remarkable properties that
enable us to apply determinants successfully in diverse theoretical and
numerical calculations, notwithstanding the fact that determinants are
extraordinarily cumbersome: A determinant of order n contains, as is
easy Lo sce, n! terms, cach term consists of » factors, and the factors are
provided with their signs according to a complicated rule.

We now proceed to enumerate the basic properties of determinants but
omit their detailed proofs. The first of these properties has been for-
mulated,

2. A determinant does not change when its matrix is transposed, i.c.,
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ows are replaced by the columns, preserving their order. The
sed on a detailed study of the rule of the distribution of signs
f the determinant. This property enables us to transfer every
he rows of the determinant to a statement on

when the 1
proof is ba
in the terms Ol
statement concerning 1

columns.
3. A determinant is a linear function of the elements of each row (or
column). In detail,

ay, T Ga
a-.l. B am = apnAn + andn + - + i Ain (5)
e

where A, , A,y , -, A,, are expressions that do not depend on the elements
of the ith row.

This property follows evidently from the fact that every term contains
one and only one factor from each row, in particular the ith row.

The equation (5) is called the expansion of the determinant with respect
1o the elements of the ith row, and the coefficients 4, , A, *"s Ain 8T
called the algebraic complements of the elements g,y , @iz, " @in of the
determinant.

4. The algebraic complement A, of the element a,, is equal, apart from
the sign, to the so-called minor 4, of the determinant, i.c., the determinant
of order (n — 1) that arises from the given onec by crossing out the ith
row and jth column. To obtain the algebraic complement the minor must
be taken with the sign (—1)i*’. The properties 3 and 4 reduce the computa-
tion of a determinant of order n to the computation of # determinants of
order n — 1.

The fundamental properties that we have enumerated have a number of
interesting consequences. We now mention some of these.

5. A determinant with two equal rows is zero.

For if a determinant has two equal rows, then the determinant does not
change when they are interchanged, because the rows are identical; but
on the other hand, by our first property it should change its sign. Therefore
I is equal to zero.

6. The sum of the products of the elements of any row by the algebraic
complements of another row is zero.

For such a sum is the result of expanding a determinant with two equal
rows with respect to one of them.

-



D

» XVI. LINEAR ALGEp,

7. A common factor of the elements of any row can be taken before ,
determinant sign.

This follows from property 3.

8. A determinant with two proportional rows is zero.

It is sufficient to take out the factor of proportionality and then weh;,
a determinant with two equal rows.

9. A determinant does not change if we add to the elements of any g
row numbers that are proportional to the elements of another row,

For by property 3 the modified determinant is equal to the sumg
the original determinant and a determinant with two proportional ros
which is zero.

The last property gives us a good method for computing determinis
Without changing the value of a determinant, we can transform its ma
by applying this rule so that in one row (or column) all the clemes
except one become zero. Then by expanding the determinant with respes
to the elements of this row (column) we reduce the computation o
determinant of order n to that of a single determinant of order -
namely, the algebraic complement of the only nonzero clement of &
row in question.

For example, suppose we have to compute the determinant

1 I -1 2
2 —1 1
4= -1 2 0 1
1 1 =2 1

We add to the second column the first, multiplied by — 1, to the thr
the first, and to the fourth, the first, multiplied by —2 and obtain

1 o o 0
2 -3 j -3
-1 3 —1 3
1 0 —1 -1

Expanding 4 by the elements of the first row, we obtain

4 =

-3 3 -3
4 = |~(—l)“" 3 —1 3
0 -1 -1

Finally, we add to the first row the second and expand with respect 0%
clements of the first column; we obtain

0 2 0

4= | 3 -1 3

0 —1 —1

=3 (=)t - 1 ‘_2|:b

Y
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¢ determinant of a matrix A is denoted by | 4 |.

Th e mention a further very important property of deter-

In conclusion, W

inants. o
ml"l";: determinant of the product of two square matrices is equal to the

product of the determinants of the factors, j.e., in short notation,
|AB|=|AllBl _ _ ] |

This property enables us in particular to multiply determinants of equa
order by the rule for multiplication of matrices.

Systems of n linear equations in » unknowns. With th_e apparatus of
determinants, it is now easy to generalize the results obtained e.a.rlser !:or
systems of two equations with two unknowns and of three equations with
three unknowns to systems of n equations with n unlgnc._vwn;. under the
assumption that the determinant of the coefficient matrix is different from

zero.
Let

@pyxy + 0 A GugXy A GuaXy = bn

be such a system. We denote by 4 the determinant of the coefficient matrix
of the system. By assumption it is different from zero. Furthermore, we
denote by A,, the algebraic complement of the element a,, . We multiply
the first equation by A, , the second by A,, , -, the nth by A,, and add.
We obtain

Ax, = byAy + -+ + bpAn .

For the coefficients of all the unknowns except x, vanish, because they
appear as sums of the products of the algebraic complements of the
elements of the jth column with the elements of other columns (property 6,
applied to columns); but the coefficients of the unknown x, is equal to the
sum of the products of the elements of the jth column with their algebraic
complements, i.e., is equal to 4.

Thus,

X, = Eé_"___t_z_;+7bi‘i!’_ forall j=1,2 ', n (6)

As we have said, these arguments are valid only if we understand by
Xi4 Xy, ", X, & solution of the system, the existence of which must be
assumed in the first instance.

Hence the result of the argument is the following.

If a solution of the system exists, then it is given by the formulas (6)
and is therefore unique.
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To complete the exposition, it is necessary 1o prove the existence of a
solution. and this can be done by substituting the values we have foung
for the unknowns into all the equations of the original system. It is easy
to verify by using the same property of the determinant (but this time
zpphied to the rows) that these values in fact satisfy all the equations.

Thus the following theorem is true: If the determinant of the coefficient
matrix of a system of n equations with n unknowns is different from zero,
then the system has a unique solution given by the formulas (6).

These formulas can be transformed by remarking that the sum
b,A,, — -~ — b,A,, can be written in the form of a determinant, namely:

4, = byAy + - + baAy Y R

(the absolute terms occur in the jth column).
Hence the results we have stated for systems of equations with two and

three unknowns have been completely generalized to a system of n equa-
tions, and even the formulas for the solution are formally exactly the same.

We mention one corollary of this theorem: If it is known of a system of
equations that il has no solution at all or that the solution is not unique,
then the determinant of the coefficient matrix is equal to zero.

This corollary is particularly often applied to homogeneous systems,
i.e., those in which the absolute terms b, , by , -, b, are all zero. Homo-
geneous systems always have the obvious “trivial” solution x; = X

= e =X =0.

If a homogeneous system has, apart from the trivial one, also a non-
trivial solution, then its determinant is zero. ,

This statement opens up the possibility of using 1hF lhreory of deter-
minants in other branches of mathematics and its anhcmons.

Let us consider, for example, a problem in analytical geometry: to find
the equation of the plane passing !hrough_ three givep points (x;, y, , ;).
(x5, Y2+ 20 and (x5, ¥ . 23) that do not lic on one line. _

From elementary geometry it is known that such a plane exists. Suppose
that its equation is of the form Ax + By + Cz + D = 0. Then

AX1+B}'| +CZ,+D=0,
Axy + Byy + Cz3 + D = 0,
Axy + Byy + Czy + D =0,

Let x, y, Z be the coordinates of an arbitrary point in that plane. Then we

also have
Ax + By + Cz + D =0,

-
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we regard these four equations as a system of linear homogeneous
cquations for the coefficients 4, B, C, D of Qne required plane. This system
rivial solution, because the required plane exists. Therefore the

has a nont X ;
determinant of the system is zero; i.e.,
ynol
X3 by 7y | _
'X, il =0. (M
xyzl

Now this is the equation of the required plane. For it is an equation
of the first degree in x, y, z, a fact which follows from the linearity of the
determinant with respect to the elements of the last row.

By making use of the fact that the given points do not lie on one line,
it is easy to verify that not all the coefficients of this equation are zero.
Consequently the equation (7) is indeed the equation of a plane. This plane
passes through the given points, because their coordinates obviously
satisfy the equation.

Matrix notation for a system of n equations in » unknowns. A system
of n linear equations in n unknowns

ayx, + - + apx, = b,
can be written in matrix notation in the form of a single equation
AX = B.

Here A denotes the coefficient matrix, X the column formed by the
unknowns, and B the column of the absolute terms.

The solution of the system (if the determinant of the matrix A is different
from zero) can be written explicitly as follows [see formula (6))

=4 A An
x‘-—jlbl+%b:+"'+‘—d_1‘bn|
-4 A Ay
X:—z'!bl+73b‘+...+_d_‘b”
A A A
X":i n e —Ebu
q bt Tht
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or in matrix form

Ay An  An

4 4 pi|

Al;_ in A

The matrix standing as first factor on the right-hand side of the equation
is called the inverse to the matrix A and is denoted by A=%. Using this
notation we obtain the solution of the system AX = B in the following
simple and natural form, which recalls the formula for the solution of a
single equation in one unknown:

X = A8,

We can easily give another proof of the resuit obtained, in terms of the

algebra of matrices.
For this purpose we must first of all mention the special role of the

matrix

the so-called unit matrix.
The unit matrix plays among square matrices the same role as the

number 1 among numbers. In fact, for every matrix A the following
equations hold: AE = A and EA = A. This is easy to verify by the rule
for the multiplication of matrices.

The matrix A~ defined previously, the inverse to 4, plays in relation
{0 it a similar role to that played by the inverse of a given number:

AA™' = A-'A = E.

The validity of these equations can be verified by the rule for the
muuiplication of matrices and by the properties 3 and 6 of a determinant.
Knowing these properties of the unit and the inverse matrix we can
obtain the solution of the system AX = B in the following way.

Suppose that AX = B.Then A-XAX) = A~'B. But A-{(4X) = (47 A) X
_ EX = X and therefore X = A~'B.

Suppose now that X = A~'B, then AX = AA™'B = EB = B.

0. SYSTEMS OF LINEAR EQUATIONS 17

Thus the vequation” AX = B has the unique solution X — 48,
provided only that A~" exists.

We have established the existence of the inverse matrix A~ for A
under the assumption that the determinant of A is different from zero
This condition is not only sufficient but also necessary for the existence
of the inverse matrix. For suppose that the matrix A has an inverse 4!
such that A4~} = E. Then by the property of the determinant of the
product of two matrices

[Al|A ] = E| =1,

and from this it follows that the determinant of A is not zero.

A matrix whose determinant is different from zero is called nondegenerate
or nonsingular. We have therefore established that an inverse matrix
always exists for nondegenerate matrices and only for them.

The introduction of the concept of an inverse matrix turns out to be
useful not only in the theory of systems of linear equations but also in
many other problems of linear algebra.

In conclusion, we mention that the formulas we have derived for the
solution of linear systems are an irreplaceable tool in theoretical
considerations but are not convenient for the numerical solution of
systems. As we have already mentioned, various methods and computa-
tional schemes have been worked out for the numerical solution of systems,
and in view of the great importance of this problem for practical investiga-
tions, the work of simplifying the numerical solution of systems (especially
with large numbers of unknowns) is intensively pursued even at present.

m general case of systems of linear equations. We now turn lo
the investigation of systems of linear equations in the most general case
when it is not assumed that the number of equations is equal to the
number of unknowns. In such a general setting it cannot be expected,
na}ura{ly. that a solution of the system always exists or that, in case it
exists, it turns out to be unique. It is natural to assume that if the number
of equations is less than the number of unknowns the system has infinitely
many solutions. For example, two equations of the first degree in three
;{nknowr!s are_sausﬁed by the coordinates of every point on the straight
'ne that is the intersection of the planes defined by the equations. However
':vhc:" ':PPCH in this case that the system has no solution at all, namely
lhannl:\: planes are parallel. And if the number of equations is greater
H m}mber of unknowns, then as a rule the system has no solution.
lowever, in this case it is possible that the system has solutions, even
Infinitely many.

-~
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ln‘ordcr to investigate the existence and the character of the set of
§olut|ons of a system in this general setling, we turn to a ‘“‘geometrical”
interpretation of the system.

We interpret the system of equations

anXy + GXy + 0+ a,x, = by,
AnXy + Xy + 0+ @gX, = by, (8)

A1 Xy + AaXy + *** + AupXp = b
in the m-dimensional space of columns in the form
x4y + xqdy + - + x,A, = B.

Here A4, , A, , -, A, denote the columns of the coefficients of the corre-
sponding unknowns and B the column of the absolute terms.

In this interpretation the problem of the existence of a solution of the
system turns into the problem of whether the given vector B is a linear
combination of the vectors A, , Ay, -, A, .

The answer to this problem is almost obvious. For the vector B 1o be a
linear combination of the vectors A,, A,, -, A, il is necessary and
sufficient that B should be contained in the subspace spanned by A,.
Ay , -+, A, or, in other words, that the subspaces spanned by the systems
of vectors A, , Ay, -, A, and A, , A, , -, A, . B should coincide.

Since the first of these subspaces is contained in the second, they coincide
if and only if their dimensions are equal. We recall that the dimension
of the subspace spanned by a given system of vectors is called the rank of
this system. Thus, a necessary and sufficient condition for the existence of
a solution of the system x,4, + Xp4, + * + x,4, = Bis the equality of
the ranks of the vector systems A, , Ay, -, A, and A, , 4y, -, 4, , B.

It can be proved, but we shall not do it here, that the rank of a system
of vectors is equal to the rank of the matrix formed from the coordi-
nates of these vectors. Here we understand by the rank of a matrix
the largest order of a nonzero determinant that can be formed from the
given matrix by omitting part of its rows and columns.

Since the coordinates of the vectors A,, A,, -, A, (in the natural
basis for the space of columns) are the coefficients of the system and the
coordinates of the vector B its absolute terms, we obtain the following
final formulation of the condition for the existence of a solution of a system.

For the existence of at least one solution of the system of linear equations

apx, + 0 aax, =b,
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| is necessary and sufficient that the rank of the matrix formed from the
: fficients of the system should be equal to the rank of the matrix formed
;:‘,m the coefficients and the absolute terms.

Now let us investigate the character of the set of solutions if they exist.

Let . x2. . x5 be any solution of the system (8). Weset x; = x} + ;.
c :lr: R A x® — y,. Then in view of the fact that x7.
=2

W, - xaforma solution of the system (8), the new unknowns y, , ¥y, ", ¥a
must satisfy the homogeneous system

.................................. (9)
Quyy + 0+ Gma¥n =0

with the same coefficient matrix. Conversely, if we add to the original
solution x%, x3, -, x1 of the system (8) an arbitrary solution of the ho-
mogeneous system (9). then we obtain another solution of the sysltm_{&).

Thus, in order to obtain the general solution of the system (8), it is
only necessary to take an arbitrary particular solution of it and to add it
1o the general solution of the homogeneous system (9).

In this way the problem of the character of the set of solutions of the
system (8) is reduced to the same problem for the homogeneous system (9).
We shall consider this problem in the next section.

Homogeneous systems. We shall interpret the homogeneous system of
linear equations

apy, + @by + 0+ @y =0,

any) + @nyy + 0+ @y =0

ApYy + Gmagyy + 0+ AmalVn = 0

in the n-dimensional Euclidean space. (Here we assume that the coefficients
of the system are real. For systems with complex coefficients, we can give
a similar interpretation in unitary space and obtain similar results.)

Let A;, Ay, A, Y be the vectors of a Euclidean space whose
coordinates in an orthonormal basis are, respectively,

@y, ayg, vy ayn)s (G, @y, o, agy), "y (@my s Ama » s Apn)s

(yl » Vet ,Vu)

Then the system assumes the form

AY = 0,4, =0, ~ A Y =0;
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i.e., every solution of the syste.rn determines a vector orthogonal to all the
vectors formed by the coefficients of the various equations.

Therefore, the st of solutions forms the subspace that is the orthogonal
complement to the subspace spanned by the vectors A;, A, -, A. .
The dimension of the latter subspace is equal to the rank r of the mat;ix
formed from the coefficients of the system. The dimension of the orthog-
onal complement, i.e., of the “solution space,” is then equal to n — 7.

Now every subspace has a basis, i.e., a system of linearly independent
vectors equal in number to the dimension of the subspace and such that
their linear combinations fill the whole subspace. Therefore, among the
solutions of a homogeneous system there exist 7 — r linearly independent
solutions such that all the solutions of the system are linear combinations
of them. Here n denotes the number of unknowns and r the rank of the
coefficient matrix.

Thus, the structure of the solutions of a homogeneous system and,
consequently. also of an inhomogeneous system is completely clarified.
In particular, 2 homogeneous system has the unique trivial solution
x, = x3 = -+ = x, = 0if and only if the rank of the coefficient matrix
is equal to the number of unknowns. By what we have said at the end of
the preceding paragraph, the same condition is also the condition for
uniqueness of the solution for systems of inhomogeneous equations
(providing the consistency condition is satisfied).

Our investigation of these systems shows clearly how the introduction
of generalized geometrical concepts leads to simplicity and lucidity in 2
complicated algebraic problem.

“mrr_u—u-

Definition and examples. In many mathematical investigations it
pecomes necessary 1o change the variables, i.c., to go over from onc
of variables x, , x;, -, X, to another y, , y; , -, ¥, , connected with

the first by means of a functional dependence:

h= ‘l(xl y Xz, s X)),
Ya = delxy, Xy, 0, x),

Yo = ¢u(xl » Xy 4"y Xp).

For example, if the variables are the coordinates of a point in a plane
or in space, then the transition from one system of coordinates Lo another
system gives rise Lo a transformation of coordinates that is defined by the

. LINEAR TRANSFORMATIONS ’s

expressions for the original coordinates in terms of the new ones or vice
ver:’lc-’mver' a transformation of variables arises in studying the changes
due to a transition from one posili_on or conﬁgumlion to another for
objects whose position or conﬁgurmon‘ is described by 1!11: values of the
variables. As a typical example of this kind of tranformation, we can take
the change of coordinates of the points of some body under deformations.

An abstractly given transformation of a system of n variables is usually
interpreted as a transformation (deformation) of an n-dimensional space,
ic., as an association between each vector of the space (or part of it)
with coordinates x; , Xy, ", X, and a corresponding vector with coordi-
nates yl'yl!"'Iyn' . i

As we have said previously, every “smooth” function (having continuous
partial derivatives) of several variables is close to a linear function for
small changes of these variables. Therefore every “‘smooth™ transformation
(i.e., one for which the functions ¢, , ¢; , =, @, in its analytical expression
have continuous partial derivatives) is close to a linear transformation in

a small part of the space:

Y1 = GuX; + GpXy + 7+ GiaXe + by,
Y = Ay Xy + GaX2 + ot + dga Xy t+ b,, (10)

Yn = GmX%y + GnpXy + -+ AppXn + bn .

This circumstance alone makes the study of the properties of linear
transformations one of the most important problems of mathematics.
For example, from the theory of n linear equations in n unknowns, we
know that a necessary and sufficient condition for the system of equations
(10) with respect to X, , X, , -, X, to have a unique solution, i.e., for the
corresponding linear transformation to be invertible, is the nonvanishing
of the determinant of the coefficients. This circumstance is the foundation
of an important theorem of analysis: For a transformation

Y= y(x, x,, , x,),
Y = ét(xl W Xy, oy X)),

Yn = balxy, Xg, 0, X,),

which is smooth in the neighborhood of a given point, to have a smooth

.
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inverse transformation it is necessary and sufficient that at

the determinant the given pojy,
%, %
ox, ox,
%y o
ox, éx,
o, . 4,
ox, 0Ox,

should be different from zero.
The study of the general linear transformation (10) essentially reduces
to the study of the homogeneous transformation with the same coefficients

Y = apXy + 0 GiaXy,,
Yg = anXy + 7+ GyaX,, (1)

and in what follows, when speaking of linear tranformations, we shall
always have homogeneous transformations in mind.

Linear transformations of an n-dimensional space can also be defined
by their intrinsic properties, apart from the formulas (11) that connect
the coordinates of corresponding points. Such a coordinate-free definition
of the concept of a linear transformation is useful in that it does not
depend on the choice of a basis. This definition is as follows.

A linear transformation of an n-dimensional linear space is a function
Y = A(X) where X and ¥ are vectors. This function satisfies the postulate

of linearity
A(c, Xy + X)) = c;A(X) + cpA(X,). (12)

In what follows, when speaking of a linear transformation of a space,
we shall understand it in the sense of this definition.

This definition is equivalent to the preceding one in terms of coordinates.
For the function ¥ = A(X), which to the vector X with the coordinates
Xy y Xa, ) Xn B880CIALES the vector Y with the coordinates y, , yy,  ¥a
in such a way that the coordinates y, , yg, -, ya are cxpressed in terms of
the coordinates x, , Xy, «+, X, in the form of linear homogeneous functions,
obviously satisfies the postulate (12). Conversely, if the function ¥ = A(X)
satisfies the postulate (12) and if ¢, , e, , -, €, is an arbitrary basis of the
space, then

Al(x,e, + Xg€g + 0+ xpe,) = x,A(e,) + XyA(ey) + =+ -+ x,A(e,).

# LINEAR TRANSFORMATIONS .

we denote (e coordinates (in the same basis) of the vector A(e;) by

: Gy j = 1o Then the coordinates of the vector ¥ = A(X) are
Gy O

» = apXy T Gike + 0 T GyaXa
Y = apXy T 1%y + o+ dgaXa

Thus, to every linear transformation of a linear space there corresponds
a certain square matrix with respect to a given basis. This transformation
can be written in matrix language in the form Y = AX. Here X is the column
of the coordinates of the original vector, Y the column of the coordinates
of the transformed vector, and A the coefficient matrix of the transforma-
tion. The columns of the matrix A are formed by the coordinates of those
vectors into which the vectors of the basis are transformed. In accordance
with the matrix notation, we shall subsequently often write a linear
transformation itself in the form ¥ = AX, omitting the parentheses.

From the formula

A(Ilfl + Xg€3 + o xﬂ‘u) . xl"(‘l) + It‘(‘i) el X‘A(C')

it follows that the whole space is mapped under a linear transformation
into the subspace spanned by the vectors A(e,), -, A(e,). The dimension
of this subspace is equal to the rank of the system of vectors A(e,),
Aley), -, Aley), o, “_fhlt is the same, to the rank of the matrix
formed by their coordinates, i.e., the rank of the matrix A associated with
the transformation. This subspace coincides with the whole space if and
only if the rank of the matrix A is equal to n, i.e., if the determinant of A
is different from zero. In this case the linear transformation is called
nonsingular or nondegenerate.

From the theory of systems of linear equations, we know that non-
degenerate transformations are uniquely invertible and that the coordinates
of the original vector are expressed in terms of the coordinates of the
transformed vector by the formula X = A-'Y.

A transformation whose matrix has the determinant zero is called
singular or degenerate. A degenerate transformation is not invertible.
This follows from the theory of linear transformations or more intuitively
from the fact that it transforms the whole space into part of it.

idm‘a first anmp!c of a nondegenerate transformation, we take the

entity trans oItion ,‘h‘“ maps every vector into itself. The matrix of
the identity transformation in any basis is the uni i ingul

raneformation is alto i $18 Is the unit matrix E. A nonsingular
given by a similari e e

milarity that consists in multiplying

e
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all the vectors of the space by one and the same number. The matrix of 4
similarity transformation does not depend on the choice of a basis ang
has the form aE, where a is the similarity factor.

An important special case of nondegenerate transformation are the
orthogonal transformations. The concept of an orthogonal rtransforma-
rion has a meaning when applied to a Euclidean space and is defined as a
linear transformation preserving the lengths of vectors. An orthogonal
transformation is a generalization to n-dimensional space of a rotation of
the space around the fixed origin of coordinates or a rotation combined
with a reflection in an arbitrary plane passing through the origin.

It is easy to see that under an orthogonal transformation not only the
lengths of vectors are preserved but also scalar products and that, con-
sequently, orthogonal transformations carry an orthogonal basis of the
space into a system of pairwise orthogonal unit vectors which in turn is
then necessarily also a basis.

The matrix connected with an orthogonal transformation with respect
to an orthonormal basis has the following specific properties.

First, the sum of the squares of the elements of each column is I,
since these sums are the squares of the lengths of the vectors into which
the vectors of the given basis are transformed. Second, the sums of the
products of corresponding clements taken from distinct columns are zero,
since these sums are the scalar products of the vectors into which the
vectors of the basis are transformed.

In matrix notation both these properties can be written by the single

formula
PP =E

Here P is the matrix of the orthogonal transformation (with respect to an
orthonormal basis), and P is its transposed matrix, i.e., the matrix whose
rows are the columns of P in the same order.

For the diagonal elements of the matrix PP are by the rule for the
multiplication of matrices equal to the sum of the squares of the elements
of the corresponding column of P, and the nondiagonal elements are equal
to the sum of the products of the corresponding elements taken from
distinct columns of P.

As an example for a degenerate transformation, we can take the orthog-
onal projection of all vectors of a Euclidean space onto some subspace
(see §2). For in this transformation the whole space is mapped onto part

of it.

Transformation of coordinates. We now consider the problem of the
(ransformation of coordinates in n-dimensional space, i.e., the problem
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how the coordinates of vectors are changed on transition from one basis
lﬂf:lol'::;riginﬂ basis b 41 €. - €0 anAIELf, Sy, £ be an arbitrary
other basis of the space. Suppose further that
Cus " C1n
" ew v

is the matrix whose columns are the coordinates of the vectors of the new
basis fi . /2 » -+, f, with respect to the original one. The matrix C is
obviously nondegenerate, because the vectors f;, f;, -, f, are linearly
independent. It is called the matrix of the coordinate transformation.

We denote by x; , xp, -, X, the coordinates of a certain vector X with
respect to the basis &, €, €n and by x’; , x'y, ..., X', the coordinat’cs
of the same vector with respect to the basis f;, f;, =, fa . Then X = x!fl
+ xufy + - + Xufy and therefore the coordinates of the vector X with
respect 1o the original basis form the column

Xy Xy + 62X 4 7t CaXa cy " Cin Xy
Xg CarX] + CoaXa + "+ ConXn | | €; 7 Con X2
Xn CoX'y =+ CugXa + *° + CanXn Cn1 "> Can Xn

Thus, the original coordinates are expressed linearly and homogeneously

in terms of the transformation with the matrix C.
he formulas that express the connection between the coordinates with

respect to the original and the transformed basis coincide formally with
the formulas that link the coordinates of corresponding vectors in a
nondegenerate linear transformation of the space. This circumstance
enables us to interpret an abstractly given linear homogeneous transforma-
tion of variables with a nondegenerate matrix either as a transformation
of coordinates or as a transformation of the space. In each concrete case
the choice of one of these two interpretations is determined by the context
of the problem under consideration.

Let us now deal with the question how the matrix of a linear transforma-
tion of the space is changed under a coordinate transformation.

Suppose that the given linear transformation has the matrix A4 in the
basis e, , €, , ", e, 50 that the column Y of the coordinates of the trans-
formed vector is linked with the column X of the original one by the
formula

Y = AX.

4*
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. Suppose now that a transformation of coordinates with the matrix ¢
is .m.adel; Xd, l}" " denote, respectively, the columns of the coordinates of the
original and the transformed vectors with respect to the new basi

X = CX', Y =CY' and hence e Ther

V'=CY = CaX = CACK".

Thus, the matrix of our transformation with respect to the new basis is
C-'4C.

Two matrices A and B8 connected by the relation 8 = C-'AC, where Cis
a nonsingular matrix, are called similar. One and the same linear transfor-
mation corresponds with respect to various bases to a class of pairwise
similar matrices.

Eigenvectors and eigenvalues of a linear transformation. A very
important class of linear transformations consists of the transformations
that come about in the following way.

Lete,, & . -, €, be arbitrary linearly independent vectors of the space.
Suppose that under the transformation they are multiplied by certain
numbers A, Ag, < An If the vectors e, , e, , -, e, are taken as a basis
of the space, then the transformation can be described by

A0 0
0 A0
00 -2,

The transformations of this class have a simple and intuitive geometrical
meaning (of course, only for real spaces and for n = 2 or n = 3). Namely,
if all the numbers A, are positive, then the transformation that we describe
consists in a stretching (or compressing) of the space in the directions
of the vectors €, €. " €n with coefficients A, , Ay, =, A, . If some of
the A, are negative, then the deformation of the space is accompanied by a
change of direction of some of the vectors e, , e, , **, €, into the opposite.
Finally. if for example A, = 0, then a projection of the space parallel to
e, takes place onto the subspace spanned by e, , -, e, with a subsequent
deformation in these directions.

The class of transformations we have considered is important, because
in spite of its simplicity it is very general. In fact, it can be established that
every linear transformation satisfying certain not very severe restrictions
belongs to our class; i.e., we can find for it a basis in which it is described
by 2 diagonal matrix.

The restrictions to be imposed on the transformation become particularly

s, LINEAR TRANSFORMATIONS )

ider linear transformation of a complex space. In what
be assumed.
¢ following definition.

A nonzero vector X which under a linear transformation A of the
space 0¢s into a collinear vector AX is called an eigenvector of the
transformation. In other words, a nonzero vector X is an eigenvector of
he transformation A if and only if AX = AX. The number A is called an
eigenvalue of the transformation A.

It is obvious that if in some basis a transformation has a diagonal
matrix, then this basis consists of eigenvectors and the diagonal elements
are cigenvalues. Conversely, if there exists in the space a basis consisting
of eigenvectors of the transformation A, then in this basis the matrix of
the transformation A is diagonal and consists of the eigenvalues corre-
sponding to the vectors of the basis.

We now proceed to study the properties of eigenvectors and eigenvalues.
With this aim we write the definition of an eigenvector in coordinate
notation. Let A be the matrix corresponding to the transformation A with
respect to a certain basis and X the column of coordinates of the vector X
in the same basis. The equation AX = AX in coordinate notation is

written as AX = AX or

clear if we cons

follows this will
We introduce th

(A —AE)X =0.
In expanded form this equation turns into the system

(an =X+ Gt +  Gp¥e 0
ag Xy + (du - A) X + -+ dyp Xy = 0,

an Xy + AngXy + + (ann - )‘} Xn = 0

We can regard this system of equations as a system of linear and homo-
geneous equations for x, , x;, -, x, . We are interested in the case when
this system has a nontrivial solution, because the coordinates of an eigen-
vector must not all be equal to zero. Now we know that a necessary and
sufficient condition for the existence of a nontrivial solution of a system
of linear homogeneous equations is that the rank of the coefficient matrix
should be less than the number of unknowns, and this is equivalent to
the vanishing of the determinant of the system

ay —A Oyn
Gy Gy — A am |
any ny )

-
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Thus, all eigenvalues of the transformation A are roots of the polynomia)
| A — AE | and, conversely, every root of this polynomial is an eigenvalue
of the transformation since to every root there corresponds at least one
eigenvector. The polynomial | A — AE | is called the characteristic poly.
nomial of the matrix A. The equation | A — AE | = 0 is called the chara-
teristic or secular equation and its roots characteristic numbers of the
matrix. *

By the fundamental theorem of higher algebra (Chapter 1V), every
polynomial has at least one root; therefore every linear transformation
has at least one eigenvalue and hence at least one eigenvector. But, of
course, it is quite possible that even in the case when the transformation
can be expressed by a real matrix it turns out that all or some of its eigen-
values are complex. Consequently, the theorem on the existence of
(real) eigenvalues and eigenvectors for an arbitrary linear transformation
is not true in a real space. For example, the transformation of the plane
that consists in a rotation around the origin of coordinates by any angle
other than 180° changes the directions of all the vectors of the plane so
that there are no eigenvectors for this transformation.

The roots of the characteristic polynomial of a matrix A are the eigen-
values of the transformation A; therefore matrices that correspond 10
one and the same transformation in distinct bases have identical sets of
roots of the characteristic polynomial. This leads to the plausible asssertion
that the characteristic polynomial of a linear transformation also depends
on the transformation only and not on the choice of a basis. This can be
verified by the following elegant calculation, which is based on the
properties of operations on matrices and determinants.

We know that if a matrix 4 corresponds to a transformation A in some
basis, then in any other basis the transformation A has a similar matrix
C-1AC, where C is some nonsingular matrix. But

| C AC —AE| = | C'AC — C'AEC | = | C™{4 — AE) C|
=1C'|Cl|I|A—AE|=|C*C||A—AE| =14 —)E|

Thus, matrices corresponding to one and the same transformation A
in distinct bases have in fact one and the same characteristic polynomial,
which can therefore be called the polynomial of the transformation.

We shall now make the assumption that all the eigenvalues of the
transformation A are distinct. Let us prove that the eigenvectors, one for
each eigenvalue, are linearly independent. For if we suppose that some

* The name “secular equation” has arisen in celestial mechanics in connection with
the problem of the so-called secular disturbances in the motions of the planets.
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-, & , are linearly independent and the remaining ones,

m, S8y €. " A
of the . are linear combinations of these, then

among them €41
€y = (1) T Co€q + -+ Crty (13)

When we apply the linear transformation to both sides of this equation,

we obtain
A‘Hl = CI.A‘] + C.A¢| + 4+ CkAGl y

from which it follows by the definition of an eigenvector that
Apri€rsr = A6y + Coloy + = + CrAre, .

When we multiply equation (13) by A,., and subtract from it the equa-

tion just obtained, we have

ok — A & + C:(Ah: —A) ey + T ClAeey — A) & = 0,
hence it follows by the linear independence of e, , e, , -, & that

iy — Ay) = sy — A = = = Ay — A) = 0.

But we had assumed that all the eigenvalues are distinct and the vectors
are chosen one for each eigenvalue. Therefore A, — A, # 0,
Aoy — A3 # 0, =, Ay — A 7 0 and the equation (13) is impossible,
since the coefficients ¢, , ¢ , =+, ¢ cannot all be zero.

Now it is clear that if all the eigenvalues of a linear transformation are
distinct, then there exists a basis in which the matrix of the transformation
has diagonal form. For we can choose as such a basis a system of eigen-
vectors, one for each eigenvalue. As we have shown, they are linearly
independent and their number is equal to the dimension of the space;i.c.,
they do in fact form a basis.

The theorem we have proved can be stated in terms of the theory of

matrices as follows. If all the eigenvalues of a matrix are distinct, then the
matrix is similar to the diagonal matrix whose diagonal elements are these
cigenvalues.
. The problem of transforming the matrix of a linear transformation to
its simplest form is considerably more complicated if there are equal ones
among the roots of the characteristic polynomial. We shall confine our-
selves 1o a short account of the final result.

A “canonical box™" of order m is defined as a matrix of the form

Al

P -
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All the unnamed elements are equal to zero.

A canonical Jordan matrix is defined as a matrix in which there are

“canonical boxes" along the main diagonal and all the remaining elements
are zero:

r’»:,.ﬁJ T

gty ‘

Ilnt..lg

The numbers A, in the distinct “boxes” are not necessarily pairwise
distinct. Every matrix can be reduced to a canonical Jordan matrix similar
to it. The proof of this theorem is rather complicated. We ought to mention
that this theorem plays an important role in many applications of algebra

to other problems of mathematics, in particular in the theory of systems of

linear differential equations.
A matrix can be reduced to diagonal form if and only if the orders m,
of all boxes are equal to I.

§5. Quadratic Forms

Definition and simplest properties. A guadraric form is a homogencous
polynomial of degree 2 in several variables.

A quadratic form in n variables x, , x,, -, x, consists of terms of two
types: squares of the variables and products of two variables, both with
certain coefficients. A quadratic form can be written in the following
quadratic scheme:

Slxy, xq, " Xp) = anx; + @XyXy + 4 @pXX,

+ AnXeX| + GyX; +  + GgaXeX,

+ GuiXnX) + GugXnXy + * + Guax.t.

Pairs of similar terms a,,x,x; and gy x,x, , elc., are written with equal
coefficients so that each of them gets half the coefficient of the corre-
sponding product of the variables. Thus, every quadratic form is uniquely
connected with its coefficient matrix, which is symmetric.

A quadratic form can conveniently be represented in the following
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¢ denote by X the column of the variables x, , x, , -+, x,,

. tion. W ,
matrix nO8Y ., Xp), i.e., the transposed matrix of X. Then

by £ the row (X1, %10
e x) = Ka(@n¥ Tt Gu¥e +  + GiaXa)

+ xfamx; + GpXy + 7+ GgaXa) +

+ Xn(@uXy + Gue¥a + 7 T GaaXn)
[ayXy + G19%p + T+ GiaXa

ﬂx,,x..

= (X, nXa) |
La..;xz + @naXa + 7+ GpaXy
[a1,813 " Gin Xy

= (X1, X3, " Xn) a"a_'.'__'_'_'j’_" x:. = KAX.

| Gn1Gnz ** Gnn Xn

Quadratic forms occur in many branches of mathematics and its applica-
tons.

In the theory of numbers and in crystallography, we consider quadratic
forms under the proviso that the variables x,, x,, -, X, assume only
integral values. In analytical geometry a quadratic form arises in setting
up the equation of a curve (or surface) of the second order. In mechanics
and physics a quadratic form appears in the expression for the kinetic
energy of a system in terms of the components of the generalized velocities,
cic. Furthermore, a study of quadratic forms is necessary even in analysis
for the investigation of functions of several variables in connection with
problems where it is important to clarify how a given function in the
neighborhood of a given point deviates from its approximating linear
function. An example of problems of this type is the investigation of
maxima and minima of a function.

Let us consider, for example, the problem of finding the maxima and
minima of a function of two variables w = f(x, y) having continuous
partial derivatives of the third order. A necessary condition for the
point (xy, yo) to give a maximum or minimum of the function w is that
the partial derivatives of the first order should vanish at the point (x, , ¥,)-
Let us assume that this condition is satisfied. We give to the variables x
and y small increments h and k and consider the corresponding increment
of the function dw = f{x, + h, y, + k) — f(x , yo). By Taylor’s formula
this increment is equal, to within terms of higher order of smallness, to
the quadratic form §(rh* + 2shk + 1k?), where 7, s and  are the values of
the second derivatives d*w/ox?, 9w/axdy, 3*w/d)*, computed at the point
(Xq, yo). If this quadratic form is positive for all values of 4 and k (except

-
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h = k = 0), then the function w has a minimum at the point (x,, ,);
if it is negative, then a maximum. Finally, if the form assumes positjvé
as well as negative values, then there is neither a maximum nor a minimum,
Functions with a larger number of variables can be investigated in a similar
way.

The study of quadratic forms essentially consists in the investigation of
the problem of the equivalence of forms under one set or another of
linear transformations of the variables. Two quadratic forms are called
equivalent if one of them can be carried into the other by one of the
transformations of the given set. Closely connected with the problem of
equivalence is the problem of reduction of a form, i.e., its transformation
into a certain form, as simple as possible.

In various problems connected with quadratic forms, we consider
various sets of admissible transformations of the variables.

In problems of analysis arbitrary nonsingular transformations of the
variables are admitted ; for the purposes of analytical geometry, the greatest
interest lies in orthogonal transformations, i.c., those that correspond to
the transition from one system of variable Cartesian coordinates to
another. Finally, in the theory of numbers and in crystallography, we
consider linear transformations with integer coefficients and with a

determinant equal to I.
Here we shall consider two of these problems: the problem of the

reduction of a quadratic form to the simplest possible form by means of
arbitrary nonsingular transformations and the same problem for orthog-
onal transformations. Above all, we shall find out how the matrix of the
quadratic form is changed under a linear transformation of the variables.

Suppose that f(x;, Xy, ' Xa) = RAX, where A is the symmetric
matrix of the coefficients of the form and X is the column of the variables.

We take a linear transformation of the variables, writing it briefly
X = CX'. Here C denotes the coefficient matrix of this transformation
and X’ the column of the new variables. Then X = X'C and consequently
£AX = X(CAC) X’ so that the matrix of the transformed quadratic
form is CAC.

The matrix CAC is automatically symmetric, as is easy to verify. Thus,
the problem of reducing a quadratic form to the simplest possible form is
equivalent to the task of reducing a symmetric matrix to the simplest form

by multiplying it on the left and on the right by transposed matrices.

Transformation of a quadratic form to the canonical form by successive
completion of squares. We shall show that every (real) quadratic form
can be reduced to a sum of squares of new variables with certain coefficients

by a real nonsingular linear transformation.

. QUADRATIC FORMS %7

To prove this we shall show first of all that if the form is not identically
sero, then we can make the coefficient of the square of the first variable
different from zero by the application of a nonsingular transformation of
the variables.

For suppose that

. — 2 ..
flx,, Xa, 5 X)) = ApXy 4 @p0X + 0+ 8aXy Xy

T AnXeXy + GgeXy 7+ GgaXeXp

+ A XXy + GngXpXy + - GuaXn -

If a,, # 0, then no transformation is required. If a;, = 0, but some one
of the diagonal coefficients a,, 7 0, then we set x, = x;, X, = X;
equating the remaining original variables to the corresponding new ones.
This nonsingular transformation achieves our object. Finally, if all the
diagonal coefficients are equal to zero, then at least one of the nondiagonal
coefficients is different from zero, for example a,, .

By taking the nonsingular transformation

and equating the remaining original variables to the new ones, we achieve
our aim.

Thus, without loss of generality we can assume that a,, 7 0.

Let us now separate out the square of a linear function such that all
the terms containing x, occur in this square.

This can easily be done. For

Jlxy, xg, 0 Xn) = ay,x} 4 yaX Xy + 0 A By, X,

4 A XeXy + QgXy A+ A GgaXeXa

) a 1 a
=y | X b ==X b 4 20—y it Xy 4 0+ 2 x,
ay * ay

Xy o AgnXyXp

FlngXpXq + 0 + anu-‘:'

-
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By removing the parentheses in the second summand and collect;
N,

similar terms, we obtain '

Sxy, X,y x0) = a L] oy T
10 X2 ) n(*x + a, X+ + aL“ "n] + filxg, -, xy),
where f, is a form in n — | variables.

The transformation

ayg a,
X+ x4+ x, = x
ﬂ" a“xn 19

Xy = X3,

is obviously nonsingular. By making this transformation we reduce our
form to
anxi® + fi(xy, -, x).

Continuing the process in a similar manner we reduce the form to the
required “canonical” form

azf + 292} + 0 + ezl
Here z, , 2, -, 2, are the new variables introduced at the last step.

The law of inertia of quadratic forms. In the reduction of a qua-
dratic form to canonical form there always is a considerable arbitrariness
in the choice of the transformation of variables that brings about this
reduction. This arbitrariness comes in, among other things, from the fact
that we can precede the previous method of successive separation of
squares by an arbitrary nonsingular transformation of the variables.

However, notwithstanding this arbitrariness, as a result of the reduction
of the given form we obtain an almost unique canonical quadratic form
independent of the choice of the reducing transformation. Namely the
number of squares of the new variables that occur with positive, negative,
and zero coefficients is always one and the same, irrespective of the method
of reduction. This theorem is known as the law of inertia of quadratic
forms. We shall not prove it here.

The law of interia of a quadratic form solves the problem of equivalence
of a real quadratic form under all nonsingular transformations. For two
forms are equivnlent if and only if their reduction to canonical f.orm leads
::,r:om‘ w'::: :_he same number of squares with positive, negative, and

QUADRATIC FORMS 8

Of special interest for the applications are the quadratic forms that
under reduction 10 canomcal_ form turn into a sum of squares of the new
variables with all the coefficients positive. Such forms are called positive

definite. )
Positive-definite 4

that their values forr
always positive.

transformation of quadratic forms to canonmical form. Of
all possible methods of reducing a quadratic form
the orthogonal transformations, i.e., those that can
be obtained by a linear transformation of the variables with an orthogonal
matrix. Such transformations are of interest, for example, in analytical
geometry, in the problem of reducing the general equation of a curve
or surface of the second order to canonical form.

In order to convince ourselves of the possibility of sucha transformation,
it is convenient to regard the quadratic form as a function of vectors in a
Euclidean space by considering the variables x, , X; , **, X« as the coordi-
nates of a variable vector in an orthonormal basis. Then an orthogonal
wransformation of the variables can be interpreted as a transition from
one orthonormal basis to another.

With the quadratic form
f(xl » X2 xﬂ) = a"I: 4+ o 4 QX1 Xn

.

uadratic forms are characterized by the property
eal values of the variables not all equal to zero are

Orthogonal
special interest among

to canonical form are

+ GuXaX; + 7+ Gan¥a

we connect the linear transformation A that has with respect to the chosen

basis the matrix
ay e
PR o ] ,
17 Gan

Then our quadratic form can be regarded as the scalar product AX-X
(where X is the vector with the coordinates x,, X3, ", x,), and its coef-
ficients a,, are the scalar product Ae, - e, , where ¢, &, ", €n is the chosen

orthonormal basis.
It is easy to see that in consequence of the symmetry of the matrix A
the following equation holds for arbitrary vectors X and ¥

AX Y =X AY.

We shall show first of all that the transformation A has at least one real
eigenvalue and eigenvector corresponding to it.

-
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For this purpose we consider the values of the form AX - X under the
assumption that the vector X ranges over the unit sphere, i.c., the set of
all unit vectors. Under these conditions the form AX - X will have a mar.
mum. Let us show that this maximum AX - X is an eigenvalue of the
tranformation A4 and the vector X, for which this maximum is assumed is
a corresponding eigenvector; i.c., AX, = A X,.

The proof of this statement is by an indirect method, namely, by
establishing that the vector AX, is orthogonal to all vectors orthogonal
oX,.

We note that for an arbitrary vector Z we have the inequality AZ-Z
< A, | Z |* This is obvious from the fact that X = ZJ| Z | is a unit vector
and A, the maximum of the values of the form AX - X on the unit sphere.

We consider Z = X, + €Y, where ¢ is a real number and Y an arbitrary
vector orthogonal to the vector X, . Then

AZ - Z = (AX, + eAY) : (Xy + €¥) = AX, - X, + 2eAX, - ¥ + €AY ¥
= A + 2e4X, Y + 4Y - Y.

Moreover,
| Z1"=(Xo + «¥) - (Xo + €¥) = | Xy |* + €| Yr=1+¢€|Y¥Y"

because
Xo'¥Y=0, | X,*=1
Therefore,
M+ 2eAXy Y + €AY - Y <A+ €8\ | Y],

and from this we obtain on dividing by ¢
2AX, Y <NIYP—aY Y. (14)

This last inequality must be satisfied for arbitrary real ¢ of sufficiently
small absolute value,

But it can only be satisfied under the condition AX, - ¥ = 0, because
if AXy - Y > 0, then the inequality (14) is impossible for sufficiently small
positive ¢, and if AX, ¥ <0, then it is impossible for negative ¢ of
sufficiently small absolute value. Thus, AX, - ¥ =0, i.c., AX, is in fact
orthogonal to every vector orthogonal to X, . Therefore AX, and X, ar¢
collinear; i.c., AX, = A'X,, where A" is a real number, The fact that
X' = A, is easy to verify, for

A= AXy Xy = XX, X, = X

. FUNCTIONS OF MATRICES .

Now il is easy to show that every quadratic f0qn com s et e seduced
10 canonical form by an orthqg_o:ul transformation. |

Let &, 8, " €n be the onginal Cfﬂl}onor:pu basis of the — i
foofooofa 8 DEW orthonormal basis in which the first vector ; is an
eigenvector X, of the transformation A. Let XX x.._tf: the in-
ates of the vector X in the original basis and x, , x; , ", X, its €00 Mm‘c °'d"m‘
in the new basis. Then

Xy X
X3 X3
= P .

i

Xa Xa

where P is an orthogonal matrix. ) . )

Let us carry out the transition to the new .vambles in the quad!'ln:
form AX - X. In the new variables the quadratic form has the coefficients
ay = Af, " f;. Therefore

ay = A h= M h= A,
ay=a,=Ah fi=Ahfj=0 for j#1;
i.e., the form is now
x4 @lxg, o, xa).

Thus, by means of an orthogonal transformation we have succeeded in
separating out one square of a new variable. ) ,

By repeating the same arguments with the new form ¢(xy , =, Xa): €iC-»
we eventually arrive at the conclusion that the form turns out to be mdnced
1o canonical form by a chain of orthogonal transformations. But it is

obvious that a chain of orthogonal transformations is equivalent to a single
orthogonal transformation. This concludes the proof of the theorem.

§6. Functions of Matrices and Some of Their Applications

Functions of matrices. The applications of linear algebra to other
branches of mathematics are very numerous and diverse. It is not an
exaggeration to say that the ideas and results of linear algebra are used in
a large part of contemporary mathematics and theoretical physics in one
form or another, particularly in the form of matrix calculus. )

We shall deal briefly with one of the methods of applying the matrix
calculus to the theory of ordinary differential equations. Here functions of
matrices play an important role.
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For this purpose we consider the values of the form AX - X under the
assumption that the vector X ranges over the unit sphere, i.c., the set of
all unit vectors. Under these conditions the form AX - X will have & max.
mum. Let us show that this maximum AX - X is an cigenvalue of the
tranformation A and the vector X, for which this maximum is assumed is
a corresponding eigenvector; i.e., AX; = A, X, .

The proof of this statement is by an indirect method, namely, by
establishing that the vector AX, is orthogonal to all vectors orthogonal
to X, .

We note that for an arbitrary vector Z we have the inequality AZ - Z
< A, | Z|* This is obvious from the fact that X = Z/| Z | is a unit vector
and A, the maximum of the values of the form AX - X on the unit sphere.
We consider Z = X, + «Y, where ¢ is a real number and ¥ an arbitrary
vector orthogonal to the vector X, . Then

AZ - Z = (AX, + €AY) - (Xo + «¥) = AXy - X, + 2eAX, - ¥ + @AY ¥
— A + 2e4X, - Y + SAY - V.

Moreover,
| Z1" = (Xe +«¥) (Xo+e¥) = | X'+ ¥V =1+ Y],

because
Xo Y =0, [ X|*=1

Therefore,
A+ 2eAXy - Y + @AY - Y <A + €A | Y],

and from this we obtain on dividing by «*

‘:-’AX.~Y<A.|Y|'—AY-Y. (14)

This last inequality must be satisfied for arbitrary real e of sufficiently
small absolute value.

But it can only be satisfied under the condition AX, ' Y = 0, because
if AX, - ¥ > 0, then the inequality (14) is impossible for sufficiently small
positive ¢ and if AX, - ¥ <0, then it is impossible for negative ¢ of
sufficiently small absolute value. Thus, AXy - ¥ = 0, i.e.,, AX, is in fact
orthogonal to every vector orthogonal to X . Therefore AX, and X, are
collinear; i.c., AX; = A'X,, where A’ is a real number. The fact that
A" = A, is easy to verify, for

A=AXy Xy = XX, X = A
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i 1o show that every quadratic form can in fact be

Now “i;ﬁ;:m by an orthogonal transformation. reduced

“"“‘:ﬂ o - ¢, be the original orthonormal basis of the space and

l;' ‘.'.'f". new orthonormal basis in which the first vector f; is an

ﬁ’,;;‘uvo;x. of the transformation A. Let x, , x,, ", x, be the coordin-

ates of the vector X in the original basis and x, , x;, "', X, its coordinates

in the new basis. Then

x, xy

Xy Xy
. = P

.

Xn Xn

where P is an orthogonal matrix.
Let us carry out the transition to the new variables in the quadratic
form AX - X. In the new variables the quadratic form has the coefficients

a, = Af, - f;. Therefore
ay = Af,h = Mifi= A
g, =ay=Af Sy =M f;=0 for j#1,
i.e., the form is now
Axy? ey, o, X0,

Thus, by means of an orthogonal transformation we have succeeded in
separating out one squarc of a new variable. )

By repeating the same arguments with the new form ¢(x;, ", Xa), €IC.,
we eventually arrive at the conclusion that the form turns out to be reduced
to canonical form by a chain of orthogonal transformations. But it is

obvious that a chain of orthogonal transformations is equivalent to single
orthogonal transformation. This concludes the proof of the theorem.

§6. Functions of Matrices and Some of Their Applications

Functions of matrices. The applications of linear algebra to other
branches of mathematics are very numerous and diverse. It is not an
exaggeration to say that the ideas and results of lincar algebra are M =
@ large part of contemporary mathematics and theoretical physics in on¢
form or another, particularly in the form of matrix calculus. .

We shall deal briefly with one of the methods of applying the matr®
calculus to the theory of ordinary differential equations. Here functions of
matrices play an important role.

.
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First of all we define the powers of a square matrix 4. We set 4° - 5
Al = A, A* = AA, A = A'A, A' = 4’4, etc. By the associative law ".
is easy to show that A™A" = A™*" for arbitrary natural numbers m andn
The operations of addition and of multiplication by a number have been
defined for matrices. This enables us to define in a natural way the meaning
of a polynomial (in one variable) of a matrix. For if ¢(x) = gu*
+ ayx"! + -+ + a, , then we set (by definition) §(4) = agA™ + a4 +
** + a,E. Thus, the concept of the simplest function of a matrix argument,
namely the polynomial, is defined.

By means of a limit process it is easy to generalize the concept of a
function of a matrix argument to a considerably wider class of functions
?han polynomials in one variable. Without treating this problem in all
its generality we shall restrict ourselves here to the examination of analytic
functions.

First of all we introduce the concept of the limit of a sequence of
matrices. A sequence of matrices

(1) ... 40) 7 1) ... gl2
a e [ o) - ay
Ay = | e y Ag= | et y
all) ... gt (2) ... gl2)
nl LL] J all. anll

is said to converge to the matrix

[ay, - ay,
A= ] .
[@n1 " Gy
(or to have the matrix A asits limit) if lim,_, a{*’ = a,, forall /, J. Further,

the sum of'n series A, + Ay + - + Ay + - is defined as the limit of
the sums of its icgmenlslllm,,_.,, (Ay + Ay + -+ + A,) if this limit exists.
Let f(z) be an analytic function regular in a neighborhood of z = 0.
Then f(z) can be expanded in a power series
f2) = 8y + a2 + ayz® + -+ 4 gzt 4 ...,
For every square matrix A it is natural to set

S4) = af + a,4 T @A e L og Ak 4

NS OF MATRICES

&, FUNCTIO i

Of interest for the applications are the elementary functions of matrices.
the geometric series E 4 A + A% .. 4 g0 o

For example, the :
convergent for matrices whose eigenvalues are of absolute value less than 1,

and the sum of the series is the matrix (E — A4)~', in complete accordance

with the formula I
[+X++xl+=

|l —x"

The representation of (E — A)~" in the form of an infinite series gives an
effective method for the approximate solution of systems of linear equa-
tions whose coefficient matrix is close to the unit matrix.

For when we write such a system in the form

(E—A)X = B,

we obtain
X:(E_A)—IB=B+AB+A'B+"' (15)

and this gives a convenient formula for the solution of the system, if only
the series (15) converges sufficiently fast.
It is useful to consider the binomial series

Erar=E+2a+M0 D g
which can be applied (provided the eigenvalues of A are less than | in
modulus) not only for natural exponents m but also for fractional and
negative exponents.
Particularly important for the applications is the exponential matrix
function

A L .
f‘—E+A+-i-!+T!+ .

The series defining the exponential function converges for every matrix4.
The exponential matrix function has properties reminding us of prop-
erties of the ordinary exponential function. For example, if 4 and B
commute under multiplication, i.c., AB = BA, then e**® =e* ¢
However, for noncommuting 4 and B the formula ceases to be true.

Application to the theory of systems of ordinary linear diff
equations. In the theory of systems of ordinary linear differential equé-
tions it is appropriate to consider matrices whose elements are functions
of an independent variable:

[an(') ﬂm(‘)l
U(I) = | severerreneenenacees .
amy(1) -+ Gmal)
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For such matrices the concept of the derivative with respect 10 th,
argument 1 is defined in a natural way, namely:

du) _ lﬂh(:) a;.(f)]

W at) - i)

) It 1s not difficult to verify that some elementary formulas of differentis.
tion are valid for matrices. For example,

AU+ V) _dUu  dv

dr ax T ar’
dev) _ v

dr dr '
dUv) du dv
a ~ &'tV

(The multiplication must be carried out strictly in the order as given in
the formula!)
A system of ordinary linear homogeneous differential equations

D = 3431 + Gd) Yo+ @ul) Yo

Ds — 2l + 4y + 7 + Gul) Y
'4;);! = Guyll) yy + ﬂ"l‘)y. “+ o+ ‘u-(‘)y'

can be written in this notation in the form

dy
7 = A1 Y,

Y1 ay (1)~ ayat)
Y = -1, Al) == | o )
Y a-l“) ”'all(’)

i.e, in & form similar to a single linear homogeneous differential equation.

If the coefficients of the system are constants, i.e., if the matrix A s
constant, then the solution of the system also looks outwardly like the
solution of the equation ¥ = ay. For in this case ¥ = ¢*'C, where Cisa
column of arbitrary constants,

where

SUGGESTED READING 95
The solution in this form is very convenient for computations. The fact

(hat for an arbitrary analytic function f(z) we have the equation
1]

AIB-'LB) = B-*f(L) B.

Since every Matrix can be reduced to the canonical Jor'dnn form (see §4),
(he computation of a function of an arbimlr_y ma{nx _reducu to the
computation of a function of a canonical matrix, which is easy to carry
out. Therefore, if A = B~'LB, where L is a canonical matrix, then

Y = e*C = B-'e™BC = B-'e“C’,

where C' = BC is a column of arbitrary constants.

From this formula it is easy to derive an explicit expression for all the

ts of the required column Y.

mT:n:‘owet muhr:naﬁcim I. A. Lappo-Danilevskil has successfully
developed the apparatus of the theory of matrix fum:l.ions' and was the
first to apply it to the investigation of systems of differential equations,
including those with variable coefficients. His results count among the
most brilliant achievements of mathematics in the last fifty years.

¥ G. Birkhoff and 5. MacLane, A survey of modern algebra, Macmillan, New York.
1941.

V. N. Faddeeva, Computational methods of linear algebra. Translated by
C. D. Benster, Dover, New York, 1959.
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Brenner, Interscience, New York, 1959.
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by the author. The two volumes contain a great deal of material not available
in other texts.)

I. M. Gel'fand, Lectures on linear algebra, Interscience, New York, 1961.

F. Kiein, Elementary mathematics from an advanced standpoint. Vol. 1. Arith-
metic, algebra, analysis. Translated by E. R. Hedrick and C. A. Noble,
Dover, New York, 1953,

O. Schreier and E. Speer, Introduction 10 modern algebra and matrix theory.
Chelsea, New York, 1951. :

V. I Smimov, Linear algebra and group theory. Translated and revised by

R. A. Silverman, McGraw-Hill, New York, 1961
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For such matrices the concept of the derivative with TESPECt 10 fhe
argument [ is defined in a natural way, namely:

du(r) ["'" () ai (!)}
L e ,
Bpy(1) -+ analt)

It is not difficult to verify that some elementary formulas of differentia.
tion are valid for matrices. For example,

v
dUu+v) _du  d

dr dr " dr’
det) _ , dv
dt dr’
dvv) _ v, dv
e ~ & tVa:

(The multiplication must be carried out strictly in the order as given in
the formula!)
A system of ordinary linear homogeneous differential equations
dy

- anu(n) yy + awlt) yy +

i + ‘lu(n Vs

D _ an(N) yy + aslt) yo + -

ar + (1) ¥
dy.
o Any(1) 3y + Gual0) ¥y + - + Guall) Y

can be written in this notation in the form

dY
_d-l’— = A1 Y,

Y ay(r) - ayu(t)
Y= . r A(l) = I R ,
'n all“) '”anl“}

i.e, in a form similar to a single linear homogeneous differential equation.
If the coefficients of the system are constants, i.e., if the matrix A is
constant, then the solution of the system also looks outwardly like the

solution of the equation ' = ay. For in this case Y = ¢*'C, where Cisa
column of arbitrary constants,

where

SUGGESTED READING )
o this form is very convenient for computations. The fact

ion i .
The solutio bitrary analytic function f(z) we have the equation

is that for an ar
f(B-'LB) = B-'f(L) B.

Since every matrix can be reduced to the c:lmonical Jogdan form (see §4),
the computation of a function of an arbitrary matrix reduces to the
computation of a function of a canonical matrix, which is easy to carry
out. Therefore, if A = B-'LB, where L is a canonical matrix, then

Y = e*C = B'e¢“BC = B '¢"'C’,

where C' = BC is a column of arbitrary constants. ,

From this formula it is easy to derive an explicit expression for all the

ponen the required column Y.

mThe Sol:ie‘:r mlr.lr;qmatician I. A. Lappo-Danilevskil has successfully
developed the apparatus of the theory of matrix funcu'ons' and was the
first to apply it to the investigation of systems of differential equations,
including those with variable coefficients. His results count among the
most brilliant achievements of mathematics in the last fifty years.
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